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Abstract—This paper tackles the performance analysis and all relays’ buffers must be known. In fact, this knowledge
relaying strategies for two-relays buffer-aided (BA) pardlel can be exploited for balancing the load among the relays’
relaying cooperative free space optical (FSO) networks. Wérst |, \¢rar resulting in a more efficient flow of the data packets

provide an asymptotic analysis of the existing selective lay- S
ing scheme that simultaneously activates the strongest sme- P€tween the source and the destination [10]-{14]. In [15],

relay (S-R) and relay-destination (R-D) optical links. We hen BA relaying was considered with a single full-duplex (FD)
propose an improvement of this scheme and highlight on its RF relay having an infinite buffer size. An additional state

advantages by deriving closed-form accurate expressionsrfthe  pertaining to the relay concurrently receiving and transng
asymptotic values of the outage probability (OP) and averag g included with the objective of maximizing the throughpu

packet delay (APD). The theoretical evaluation and numerial f icati . that extend infinit
analysis demonstrate the capability of the improved schemén or a communication session that exiends over an infinite

enhancing the diversity order with finite buffer sizes unlike the Nnumber of time slots. Similarly, BA FD multi-hop relaying
selective relaying scheme that achieves diversity gains lyrwith ~ was studied in [16]. While [8]-[14] considered BA DF parélle
infinite-size buffers entailing infinite delays. The OP perbrmance relaying, BA DF serial relaying was studied in [17] and BA
is significantly enhanced for all network topologies Whethgthe amplify-and-forward (AF) parallel relaying was considgia

relays are closer to S, closer to D or placed at the same distea [18]: all in the context of HD relaying. Finally, the impact

from S and D. On the other hand, the reaped APD gains depend . L . . .
on the positions of the relays. of the direct source-destination link was analyzed in [19] i

Index Terms—Free-Space Optics, FSO, relaying, Markov the context of BA DF parallel relaying with HD relays. [8]-

chain, outage probability, queuing delay, asymptotic anaisis, [19] tac_klgd the pfob'em of S'Ot'PV-S'OI BA relaying yvhere
cooperative networks. the decision on the link to be activated is made within each

time slot. On the other hand, [20] considered the problem of
BA relaying with the objective of maximizing the network
throughput for a communication session that extends over an
Free Space Optics (FSO) emerged as a mature technolgffinite number of time slots. Hybrid RF/FSO relaying was
for realising license-free, secure and high speed outdper @onsidered with infinite-size buffers [20].
tical wireless communications [1]. In order to mitigate the FSO relays operate naturally in the FD mode since unique
limiting effects of turbulence-induced scintillation,laging opto-electronic components are deployed at the receiving
strategies were extensively studied in the context of FS§hoto-detector front end and at the transmitting laser.eMor
communications. The decode-and-forward (DF) FSO relayir@er, FSO networks are interference-free following frore th
techniques evolved from the buffer-free (BF) solutions [2]  high directivity of the FSO links unlike the broadcast natof
to buffer-aided (BA) solutions where the relays are equIPP&RF transmissions. These unique features of the FSO networks
with buffers in which the incoming packets can be tempoyarilyere exploited in [4] for proposing a novel selective retayi
stored until the channel conditions are more favorable [4}SR) protocol that is based on the simultaneous activation
[7]. For delay-tolerant applications, this additional oEg of the strongest source-relay link and the strongest relay-
of freedom can remarkably improve the reliability of thejestination link. The concurrent transmissions along the t
cooperative network at the expense of introducing queuih@ps resulted in reduced outages and delays compared to the
delays. max-link HD scheme in [8] that is based on the activation
The literature on BA relaying for radio frequency (RFbf a single link in each time slot. While parallel relaying
communications is extensive and the relaying protocols rfgas considered in [4], serial relaying FSO BA networks were
volve mainly around the selection of a single half-duplegtudied in [5]. The SR scheme in [4] and the multi-hop scheme
(HD) relay to either transmit or receive within each timetsldn [5] were based on the CSI where the BSI was limited to
[8]-[14]. Relay selection can be based solely on the chanigbiding the reception (resp. transmission) at full (resppty)
state information (CSI) [8], [9] or can include the buffeat& buffers. While fixed relays were considered in [4], [5], nuyi
information (BSI) in the selection process [10]-[14]. Wil relays in the form of FSO unmanned aerial vehicles (UAVs)
the former approach is simpler, the latter approach achievgere studied in [6] which offered the capability of adaptihg
enhanced performance levels at the expense of an increasegering position of the UAV to the atmospheric conditions.
complexity since the actual numbers of packets stored \while one type of traffic was considered in [4]-[6], the FSO

o _ — relaying scheme in [7] tackled two types of traffic; namely,
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best quality-of-service (QoS) to the latter type of traffid the underlying network and the implemented relaying
relaying was also considered with mixed and hybrid RF/FSO strategy render the MC analysis different from one system
networks where the relay is equipped with a buffer for siprin to another.

the packets from the mobile RF users before multiplexing FSO communications are either applied as a parallel backup
the generated traffic over the backhaul FSO link [21]-[23jo other RF or mmWave systems, or built separately as an
While a single infinite-size buffer was considered in [22R], independent entity. One possible application of the pregdos
the work in [23] revolved around the deployment of multiplgystem is in the 5G backhaul framework [25] where the
finite-size buffers with different packet unloading stgiés small cell base stations define the source, destination and
for the sake of achieving a QoS differentiation among the RElays nodes. Backhaul systems are characterized by data-
users. BA parallel relaying hybrid RF/FSO backhaul networkntensive transmissions and small cell base stations can be
were studied in [24] where an adaptive transmission sche@@guipped with FSO transceivers to relay the backhaul traffic
was adopted with simultaneous transmissions along the F$0a reliable and efficient manner. Furthermore, UAV-based
and RF links. FSO communications are widely investigated because of the

This paper targets an improvement of the existing BA FSapility of UAVs to adjust their positions dynamically to
SR scheme in [4]. The proposed improved SR (ISR) straistablish LoS links [26]. The parallelism proposed in this
egy prioritizes the simultaneous reception and transm'lssimOdel will increase the diversity order of such SyStemS Wwhic
from the same FD relay which positively impacts the outagéakes the communications more reliable. BA relaying cam als
probability (OP) and average packet delay (APD). Similar hhance the secrecy rate of networks with eavesdroppers. In
the SR scheme, the proposed ISR scheme is based solel§ scenario, buffers will add extra degrees of freedont tha
on the CSI without the need of acquiring the states of thidcrease the number of links that can be selected and hence
buffers which positively impacts the ease of implementatioincrease the possibility of avoiding transmitting alongks
The performances of the SR and ISR schemes are analy#ftaf are prone to eavesdropping [27].
based on a Markov chain (MC) framework in the case of two The remainder of the paper is organized as follows. The
relays driven by the fact that the number of states of the Mgystem model, BA relaying and MC framework are presented
increases exponentially with the number of relays rengerii? Section Il. The performance analysis of the SR scheme is
the theoretical analysis out of reach in the general casa of Rfovided in Section Ill. The novel BA FSO relaying scheme
arbitrary number of relays. Finally, by identifying the rhosiS pPresented in Section IV along with an asymptotic analysis
probable states of the MC, we derive closed-form OP af@r different network setups. Simulations over gamma-gamm
APD asymptotic expressions for the SR and ISR scheméding channels with pointing errors are presented in Becti
The simplicity of the derived asymptotic expressions atlowV- Finally, Section VI concludes the paper.
to draw conclusions on the limitations of the SR scheme and
on the significant performance gains that can be reaped from
the ISR scheme especially with finite-size buffers. As such; Basic Parameters
the contributions of this work are three-fold: Consider an intensity-modulated with direct-detection

) ) (IM/DD) FSO system where the source (S) communicates with

- For cooperative networks with two relays, we presefjie destination (D) through two parallel DF relays (R’s). We

a theoretical performance analysis of the existing SRssume that the direct link between S and D is unavailable
scheme and we derive closed-form expressions of thgcause of the excessive distance between these nodes or the
asymptotic OP and APD. The novel results 'de”t'f'egresence of an obstacle, for example. A quasi-symmetrical
major weaknesses in the state-of-the-art SR scheme thakyork topology is assumed where both relays are placed at
suffers from an inherent tradeoff between OP and APR. gistancel, from S and at a distana, from D. The system

This _schern_e reaps the diversity gains only ywth iMmodel is depicted in Fig. 1.

practical infinite-size buffers at the expense of incurring \we consider a FSO channel model that takes into account
unbounded delays. This type of analysis and the drawfe combined effects of path loss, atmospheric turbulence-
results were not previously presented in [4]. induced scintillation and misalignment-induced fadingszd

- We propose a novel relaying strategy for BA FSO conby nointing errors [28]. A FSO link is defined to be in outage

munications. This CSI-based scheme is appealing becaysge instantaneous signal-to-noise ratio (SNR) along link
of its ease-of-implementation and performance gains. Thg|s pelow a detection threshold SNR required to achieve
presented anaIyS|§ d_emor.lstr.etes that this novel sch_e&n@iven target rate [8]. Denoting by, and p» the outage
is capable of achieving significant OP and APD gaingropabilities along the S-R and R-D links, respectivelgsh
while requiring limited signaling overhead and deployingtage probabilities can be determined from the following
practical finite-size buffers of size two. expression in the case of background noise limited receiver

- Through a MC framework, we evaluate the analytic@orrupted by additive white Gaussian noise [5]:
performance of the proposed scheme followed by an Le i

. . . . 2 B

asymptotic analysis to quantify the asymptotic OP and p, = 3 Gl [ OnPn 5 ] . ()
APD performance with two relays. While the MC frame- D(en)D(Bn) 2% LGn(Par/2) |€ns @ns B 0

work constitutes the broad mathematical tool to analyzehere G}';"[-] is the Meijer G-function andl'() is the
queues [4], [5], [7], [8], [10]-[13], the particularitief o gamma function. In this paper, the performance metrics of
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{CD Laser :  B. Buffer-Aided Relaying

d, | <] Photo-detector | In this work, buffer-aided (BA) DF relaying is considered
where each one of the two relays is equipped with a buffer
of finite size L in which the information packets from S can
Dosinatiol be temporarily stored until the channel conditions are more
Source d favorable. The source is assumed to be equipped with an
infinite size buffer and to be fully backlogged; i.e. it alvgay
has enough information to transmit [4]-[6], [8], [10], [15}e

Relay 1

> (I

h

Relay 2 denote byl;, (with 0 < [;, < L) the actual number of packets
| | | | stored in the buffer of relay Rfor k =1, 2.
T Since an incoming packet cannot be accommodated in a full
L buffer, then R must be refrained from receiving if, = L.

Similarly, R, must be refrained from transmitting when its
buffer is empty; i.el; = 0. As such, we define the sets of
relays (along with their cardinalities) as follows [4]:

Fig. 1. System model of a BA FSO communication system.

the cooperative network will be determined as a function of ¢, £ {k=1,2 |1, #L} ; |C.| £ ¢1, 10, (6)
L 7 : ;
the paramete’); = T that denotes the optical power Co2lk=12]1#0} ; |C|2 v, @)

margin of the average SNR with respect to the threshold SNR .
~t wheren and N, denote the optical-to-electrical conversion Crit = (k= 1,2 [ lx # L & I, # 0} 5 [Cre| = 61105, (8)

ratio and the power of the Gaussian noise, respectively [ﬁ]enoting the relays that can receive, transmit and bothvece

Thef p”owgr n}arginPM if nornglizeﬁ by t_helfactor of 2 in and transmit, respectively. Note that the cardinalitieshef
(1) following from evenly splitting the optical power amon etsC,, C, and C,., depend on the values taken i, I»)

thg S-R an_d R-D hops for the sake of a fa.ir comparison Withh 4 these cardinalities are denotedday, , vr, 1, andéy, 1,
point-to-point single-hop FSO communication systems. respectively. ’ ’ ’

In (1), o, @and B, stand for the parameters of the gamma- |1 1 — | then Iy € {0,...,L} = {0,1} implying that

gamma distribution of the atmospheric scintillation: either the link R-D is unavailable if;, = 0 (empty buffer) or
. the link S-R; is unavailable ifl, = 1 (full buffer). As such, at
Oy = {exp (0.49012%771/(1 + 1.11011%277/15)7/6) — 1} (2) any time instance, two out of the four links in the network are
_ 1 always unavailable which negatively impacts the religypidif
Bn = {exp (0.510?%771/(1 + 0.690}1%277/1‘))5/6) - 1} . (3) the system. Therefore, in what follows, we assume fhat 2.

The signaling information has to be shared with a central

wheres? =1 2302/{7/6(1}11/6 is the Rytov variance where node that makes a decision on the links to be activated in a
M . n . . .

k is the wave number and’? denotes the refractive indexdiven time slot. This role can be played by the source node

structure parameter. In (1), the parametgris related to the S, fqr example._This r_10de informs each _relay of its role_ (i.e.
pointing errors [28]: receive, transmit or simultaneously receive and transhyit)

the exchange of short 2-bit messages.

_5Wzn Wz.n 1 T Qnp % a2n
& =2"1— =" erf2 (\/j ) e “zn, (4) ] ]
Osn \ Qn 2wz C. Markov Chain Framework and Performance Metrics

)

A Markov chain (MC) analysis will be adopted for evaluat-
ing the performance of the BA relaying system. A state of the
discrete-time discrete-value MC is represented by the musnb
of packets present in the relays’ buffdis, ) € {0,..., L}?
resulting in a total ofV, £ (L+1)? possible states. We denote
by (1, 1,),a;.1) the transition probability of the MC evolving
from the statdl;,>) at a certain time slot to the stat&, %)
in the subsequent slot. The transition probabilities Batise
following relation:

where erf.) is the error function whilev, ,,, a,, ando ,, stand
for the beam waist, receiver radius and pointing error displ
ment standard deviation along theth hop, respectively.

In (1), G,, is a gain factor that follows since theth hop
is shorter than the direct link S-D:

A, E35+1
Gn _ —o(dn—dsp) 1 SSD 5
e Aso 2y ©)

whereo is the attenuation coefficient antdp is the distance L L
between S and D. Finally,, = erf (\/gw‘:"n) while Asp Z Z bttty = 1 Y (h,12) € {0,.. .,L}Q. (9)
andé&sp are the pointing error parameters of the link S-D. 1,=014=0

For Py > 1, the ou;age probability in (1) scales asymp-
totically as P&m‘“{ﬂ”’g"} [5] implying a diversity order of
5, = min{3,,£2} along the links of then-th hop. In what
follows, we denotep £ p; and ¢ £ p, for the sake of
notational simplicity. M= (T-I1+B) 'b, (10)

The transition probabilities can be stacked in flig x N,
state transition matrixIT that can be used to evaluate the
steady-state probability distribution as follows [4], 8]



whereI and B are N, x N, matrices denoting the iden-to (10) and, subsequently, the OP and APD from (11) and
tity matrix and all-one matrix, respectively. Vectbr is the (12), respectively. However, the theoretical evaluati@swot
Ns-dimensional vector whose elements are all equal to fdursued for deriving closed-form expressions that relatge t
The N,-dimensional vectorII can be written asIT = OP and APD to the network parametersq and L in an
[wo,o,...,WO,L,...,wm,...mL,L]T where 7, ;, stands for insightful manner. In fact, the closed-form evaluation was
the probability of having; packets stored in the buffer ofiR hindered primarily by the large number of states and by the
and [, packets stored in the buffer of;Rat steady-state with matrix inversion in (10) that involves &, x N, matrix whose
Zﬁzo Zsz:o Ty e = 1. dimensions increase exponentially with the buffer size

The steady-state distribution is useful for deriving théage As such, in this paper, we take the performance analysis one
probability (OP) and average packet delay (APD) of the BAtep further by deriving closed-form approximate exp@ssi
network. The cooperative network is in outage if no packetd the OP and APD that are highly accurate in the asymptotic
can be communicated along any of the four constituent links f2gime. As will be highlighted later, significant conclusso
R1, S-R:, R;-D and R-D resulting in the following expression can be drawn from the aforementioned simple expressions.

of the OP [4]: Proposition1l (New Result): For Py, > 1, the dominant
L L states; i.e. the states with the highest steady-state Ipitities,
Py = Z Z 1y 1, pPhtz gtz (11) are confined in the set:
11=0102=0

) ) o 8:{(11712) |ll+l2€{L—1,L,L+1}}, (19)
since ¢;, 1, relays can receive and thus the S-R hop is in o
outage with probability®'1.'2 while ¢y, ;, relays can transmit While the steady—_state probabilities of the remainingesté¢nd
implying that the R-D hop is in outage with probabiligy: == to zero asymptotically.
whereg;, ;, andy, ;, are defined in (6)-(7). The asymptotic values of the steady-state probabilities ar

From [4], the APD accounting for the queuing delays acc@iven by:
mulated at the buffers of S and the relays can be determined _ { w, l=0orl=L—1;
LL—1-1 =

from the following relation that results from Little’s lav29]: oy, 1£0andl £L—1. (20)

L1 pa, l=0orl=L;
APD = o + o 1, (12) T L—1 = { Ay, 140 andl % L. (21)
where the APD is expressed in terms of the normalized time u3, l=1lorl=1L;
unit that is equal to the duration of one information packet. TL+1-1 = { 2us, l#1landl#L. "’
In (12), L denotes the average queue length correspondin%ﬁere_

the average number of packets stored in the relays’ buffers: '

(22)

L L M1:M2:M3:8L—1,67 p:ql
) _ 1/2 _ _ :
L= mull+1l), (13) K2 = g e M= ghe s =0, p>g;

11=015=0 — 1/2 _4a —
! 2 H2 = (2L71)+%(L71)’M3 - pM27M1 =0, p<gq.

while 7, stands for the input throughput at the relays: (23)
L L Proof: The proof is based on showing that the Setn
M= Y my (1—pitz). (14) (19) is closed where the probability of exiti®jtends to zero
1,=015=0 asymptotically. As such, instead of solving the exact bedan
equations in the entire state space, (20)-(23) can be rdache
Ill. SELECTIVE RELAYING (SR) by solving the approximate balance equationsSisince the
The selective relaying (SR) protocol proposed in [4] is blasd/IC is within this subset of states with a probability thatden
on the simultaneous activation of the strongest S-R link athal one. The detailed proof is provided in Appendix A. B
the strongest R-D link. The transition probabilities of tBR Replacing (20)-(22) in (11) while limiting the summation

scheme were derived in [4] as follows: over the elements of the closed-subSetesults in:
0

iy 12,01 ,12) = P07 + Pt p?)(1—q"), (15)  Pouwr = 2p0pq + 211p’q + 2p3pg°

1 . + 201 (L = 2) +4pa(L — 1) + 2u3(L — 2)] p*¢°. (24)
t(l1,l2),(l1+1,l2) = t(l1,l2),(l1,l2+l) = _(1 - D )q 9 (16) i i ) . )

? Replacing (23) in (24) results in the following expressions
ta o) (a—Lin) = (i do) (lda—1) = E(l — ¢¥)p?, (17) of the asymptotic OP:

1
1 Pout = ——— ? 24+ (4L - 6)p*¢*] ; p=
i), (i +1,12-1) = (i l2), (=102 41) = @(1—P¢)(1—qw)a YT uL—3 [pq+p a4+ pa+( Jr’a } PG
1
(18) Pout = X

: N (2L — 1) + Be=(L —1)
where the subscripts @f, 1» andf were dropped for simplicity. 5 Prmin 5 5 5

The transition probabilities in (15)-(18) were derived in (P4 + Pmax+ (L= 2)Pmapmin + 2(L—=1)p°¢"] 5 p # g,
[4] and used to derive the steady-state distribution adagrd (25)



wherepmax £ max{p, ¢} andpmin = min{p, q}. available S-R and R-D links that belong to the same relay.
Replacing (20)-(22) in (13) results in: In other words, if the links S-Rand R;-D (for any k = 1,2)
- are available, then the ISR strategy selects the relgaytaR
L=[2m +2u(L =2)](L - 1) carry out the simultaneous reception and transmission. The
+ [2p2 4+ 4p2(L — 1)]L[2p3 + 2p3(L — 2)](L +1).  (26) motivation behind this strategy is that the aforementioned

Replacing (23) in (26) while observing from (12) thafelection ensures the delivery of a packet to D while keeping
APD =~ L since the throughpui, in (14) tends to 1 the numbers of stored packets the same which positively

~

asymptotically, the following asymptotic expressions bé t contributes to reducing the delay and enhancing the thipuigh
APD can be reached: of the network. As such, this approach contributes to angidi

the congestion (resp. starvation) of the buffer pertaininthe

L, P=q :
B B ! strongest S-R (resp. R-D) link.
APD = §+ }’ 2 i Z ' (27) The link S-R; is available only if this link is not in outage

) ) ~and the buffer at Ris not full so that the incoming packet
Note that the asymptotic OP and APD expressions in (283 pe accommodated. Similarly, the link-R is available

and (27) are novel and were not reported in the previous wqmy if this link is not in outage and the buffer at;Rs

that proposed the FSO BA SR scheme [4]. The advantagerg empty so that an information packet can be extracted and

the asymptotic analysis that was carried out in this sectig®nsmitted to D. Denoting by, and @, the unavailability

resides in relating the asymptotic performance of the Spﬁobabilities along the S;Rand R.-D links, respectively,

scheme to the parameteks p andgq in a simple closed-form hese probabilities can be determined as follows:
manner. As such, the novel closed-form expressions in (25)

and (27) allow to draw intuitive insights on the performancets =P+ 0i,=L — pdi—L 5 Qk = ¢+ d1,—0 — qdi,—0, (28)
of SR and on the impact of the buffer size and relay placem%ﬁereés — 1 if the statement is true ands, — 0 otherwise.
on the OP and APD. Moreover, (25) yields the diversity ordgf, fact, the link S-R (resp. R.-D) is unavailable if either the
that constitutes the major metric that captures the pedom® | fer at R, is full (resp. empty) or the link is in outage with
of the fading-mitigating cooperative diversity method.is'h probability p (resp.q).

important diversity order analysis was missing in [4]. An end-to-end link S-R-D is available if both its S-Rand
The presented asymptotic analysis allows to draw the fqk, .p hops are available. Consider the following two mutually
lowing conclusions from the novel results in (25) and (27). gxclusive events. Event 1: at least one of the links;SBRand
- As L increases, the OP in (25) decreases at the eXpers®,.D is available. Event 2: none of the links S4B and
of increasing the APD in (27). S-R,-D is available. In the case of event 1, the ISR protocol
- For finite values of the buffer siz&, the OP expressions || activate the available end-to-end link (if both endend
in (25) tend to the valueg;™y and r—yy3Fmrr—1; links are available, a random selection among these links is
since, forp < 1 andg < 1, the probabilitypg is several made). If event 2 describes the state of the network, the ISR
orders of magnitude bigger than the probabilitis, protocol will activate the available S-R and R-D links (ifyan
g%, p*q?, pdax and p3opmin. (i): For p = ¢, the OP where these links will not pass through the same relay (since
behaves asymptotically gs; resulting in the diversity event 1 does not hold). In other words, if the link $-B
order ofd; + > which is the same as the diversity ordeactivated, then the link RD will be activated whereg: = 2
achieved by buffer-free systems. (ii): Fp2r7£ ¢, the OP if k =1 andk = 1 if k = 2. This clearly distinguishes the
behaves asymptotically a% = fm_‘”l since the proposed ISR protocol from the existing SR scheme that does
A max{51,09) —min{d1,02} not differentiate among the aforementioned events in thie i
probability o — Py _ > 1. Assuch,  gqjection procedure.
the achievable diversity order i8max{d;,d2} which  1ne superiority of ISR over SR is further exhibited through
is slightly improved with respect to the diversity ordegg fo|1owing example. Consider the scenario where theslink
2min{d;, 0>} of buffer-free systems. S-Ri, S-R, and R-D are not in outage while the link R
- For L 5 2th2e asyn;p;otlc OP in (25) tends t0p ig in gutage and assume that the link $-R stronger
limp, 400 L3P = P4q for. r=24q Therefore, han the link S-R. Also, assume that none of the buffers is
for symmetrical networks, the diversity order of the SRy or fyll. In this case, ISR will select;Ror simultaneous
and is double that of the yansmission and reception thus ensuring the efficient flow

scheme is equal t@5; + 265
of packets between the terminal nodes S and D. For this

buffer-free systems. On the other hand, fot ¢, (25)
: L— S’nax min H . . . .
tends tolimy, o 7=3 PG SINCE phapmin > P°¢°.  relaying protocol, the lengths of the two buffers will remai

The last expression sirﬁrm)ilniﬁes Whapsin = p2q? im- unchanged. As such, if the above scenario prevails over a
plying a diversity order oRd; + 25, which significantly number of consecutive time slots, then the ISR selectioh wil

exceeds the diversity ord@min{d;,d>} of buffer-free not reduce the number of available links in the network since

systems. the links S-R, S-R, and R-D will remain available after
this transmission epoch. On the other hand, the SR protocol
IV. IMPROVED SELECTIVE RELAYING (ISR) will decide in favor of activating the strongest links S-Bnd

While the SR scheme selects the strongest S-R and RRp-D (since the link R-D that is not in outage is definitely
links, the ISR is based on privileging the selection of thstronger than the link RD that is in outage). Therefore, if this



scenario prevails over a number of consecutive time sloes, t Denoting by 7(9) the steady-state probability of the

buffer at R will keep receiving packets until it becomes fullth element ofS, then: 7V = 1y, 7 = 70 = p,,
thus rendering the link S-Runavailable since the incomingr® = 7(®) = v and7(®) = z(") = 1, where:
packets cannot be accommodated. In the same wawiR 1

" o o . _ ( Pmaxr Pmax 1
keep on transmitting packets until its buffer becomes empty = 1o ey’ (vo,v3,14) = < 5 4 8—) Vi,
thus rendering the link RD unavailable. Consequently, at the + pmax (r+3) " (35)
end of the transmission epoch, only link $-Rill be available wherer £ Pmax_

|mply|ng that the SR selectlon_ has e_ntalled the detrimental Proof- The proof is provided in Appendix B. -
re_ductlon of th(_e nu_mber of ayaﬂable links from three to one. Replacing (33)-(35) in (11) results in:

It is worth highlighting that while ISR and SR did not actigat ) ) .

the same links in the previous scenario, these protocolatmi _ 1) 3 , L) 22
activate the same links in other scenarios. For examplagif thm 1+ pmax (r+3) [(TJF 2) PmaxPmin+ (1+4r> pa ] '
links S-R, and R-D are available while the links S{Rand

R.-D are not available, then both protocols will activate the By observing that >> 1 and pmax < 1 for Py, > 1, (36)
links S-R, and R-D since these available links will be thecan be further simplified as follows:

strongest links. However, the activation of the same links b [ 2 2
vut = Do + D20 : 37

ISR and SR for some states of the network does not render T Pmax TP P74 37)
ISR a special case of SR. Replacing (33)-(35) in (12) results in:

Denoting bye,, the k-th row of the2 x 2 identity matrix, the 9 P> g
transition probabilities of the ISR scheme are (for= 1, 2): APD = { 2AL-1), p<q ° (38)

by 1), (1 1) = P1P2Q1Q2+ While proposition 2 holds in the cage+# ¢, deriving the

2 closed-subset is not possible in the case ¢ since the total
1-— H [1—(1—PF)(1—Q) (29) probability of one will be split over almost all states in a
k=1 manner that does not clearly privilege some dominant states

over the remaining states whose steady-state probabiléred
to zero asymptotically. Despite this observation, theofwihg
proposition allows to derive the asymptotic OP and APD in
b(iy do), (11 1) —e. = PrP2(1 = Q) [Qk + 501 - Qk)} (31) the casey = ¢ while bypassing the tedious evaluation of the
1 1 e steady-state probabilities.

b te) (1) re—er, = (1= Pr)Pe(1 = Qp) Qs (32) Proposition3: Consider the partitioning of the state space
In (29), a self transition will occur if either all links in m(tg the three setg() = £ x £, I = L x LU L x L and

the network are unavailable or if at least one the links &~ = £x £ whereL = {0, L} and£ = {1,..., L —1}. For

R;-D and S-R-D is available. The complement of the last’m > 1 andp = ¢:

event is that both links are unavailable where the link;S-R { T, =0, (I1,l2) € IO;

1
L1y, 10), (11, 12) +er = QlQQ(l - P) [Pk + 5(1 - Pk)] (30)
1
2

D is_ availa_ble only vy_hen its two hops S:Rand R.-D are T, xp, (l1,l) € IO (39)
avallab_le with probablht)(_l—Pk)(l—Qk)._In (30), a pf_;lcket is T, o<, (o) € I3,
transmitted along S-Rwhich occurs only if both R-D links are )
unavailable and the link S;Ris available. Regarding the otherdMPplying that:
link S-Rg, it_ can be either unavailable and, if not, a ra_nd_om P < p2® =p' : APD=1L for p=gq, (40)
selection will be made among the two S-R links justifying
the factor1/2 in (30). A similar justification holds for (31) wherez oc y means thatr is proportional toy and c is a
where a packet is transmitted along-R. In (32), concurrent constant in (39).
transmissions take place along the links S&éRd R.-D which Proof: The proof is provided in Appendix C. [ |
occurs only if these links are available with probabiljty— The analysis presented in Section Il highlights two limita
Py)(1 — Q). Regarding the remaining links SzRand R,- tions of the SR scheme. On one hand, increasing the bufer siz
D, these links are both unavailable (with probabilyQ,) to reduce the OP will result in increasing the APD implying
since, otherwise, an end-to-end S-R-D link will be avagablan inherent tradeoff between the OP and APD levels. On
and this link will be selected by the ISR scheme. Finally, the other hand, the diversity order is significantly impmbve
can be easily proven that (29)-(32) satisfy (9). only with infinite buffer sizes where this choice is not only
Proposition2: Define the setS, as: impractical but it also incurs unbounded delays in the sgste
These limitations are alleviated by the proposed ISR scheme
So = {(1,1),(0,1),(1,0),(0,2),(2,0)(1,2),(2,1)}, (33) In fact, (37) and (40) show that the ISR scheme achieves
advantageously small OP levels will finite buffer sizes. As
‘such, unlike the SR scheme, there is no need to increase the
buffer size with the ISR protocol which keeps the APD at
So, p>q small and bounded levels while concurrently enhancing the O
S= { {(L—=11,L—15) ] (I1,l2) € So}, p<q. ( performance. In a more detailed manner, for finite buffeesiz

then, for Py > 1 andp # ¢, the closed-subset of asymptoti
cally dominant states is given by:



the OP in (37) and (40) scales asymptoticallypas, + p%¢> states.

or p* where these quantities are several orders of magnitude\smce the SR scheme revolves around the selection of
smaller than the asymptotic value pf or p2,, that can be
achieved by the SR scheme. Moreover, unlike the SR sche

the proposed ISR scheme is capable of enhancing the dwerﬁ'};\th gains. This entails the implementation of rather inedl

order compared to buffer-free systems while deployingdrsf channel estimation techniques based on the transmission of

of finite size. In order to realize these much desired dmyers_l ng sequences of pilot symbols. In this case, each relaganee

gains, the SR scheme must deploy infinite buffer sizes whi 2 ;
entails impractical infinite delays. On the other hand, BR | F- feedback to the central node fog,(M°)] bits of CSI

ling inf ti taining to thi lay’s links WitS
scheme achieves such gains while keeping the delay boungl\%]amg information periaiming 1o =is reays inks Wi

the strongest links, then the practical implementationhas t
Eheme necessitates the acquisition of the exact valugeeof t

2 following f 38 d (40) si finite buffer si D whereM stands for the number of levels needed to
atzfo 1owing from (38) an (. ) since a finite UTIET SIZE€ Of, antize the continuous-value path gain. On the other hand,
L = 2 is sufficient for extracting the full capabilities of the

while the theoretical performance analysis of the ISR s&hem
BA network. S )
revolves around the outage probabilitieandq, the practical
In what follows, we compare the presented MC analys.

. . o fﬁ'lplementation of this scheme requires determining simply
with that of [12], [13]. It is worth highlighting that the dym- deether the links are in outage or not. This can be realized in

ics of the buffers in FD FSO systems are more compllcat% simple manner by sending short sequences of pilot symbols

compared to HD RF systems where only one node can transgyiy observing whether these symbols were correctly decoded

in the network. This results in a highly connected MC whergr not without the need of estimating the exact values of the
a state can be reached from a larger number of other sta

. E}aﬁh gains. As such, only two CSI signaling bits need to be
For example, transitions of the for@, ) > (h+1,5—1) communicated by each relay,Rnforming the central node
and (I1,l2) — (I3 — 1,lo + 1) (as in (18) and (32)) were

: . " .~ on whether the S-Rand R,-D links are in outage or not.
not possible in [12], [13]. The modified buffer dynamics in\ie thatas must be very large if the channel gains are to

FSO networks result in a more involved asymptotic analysg)% ired wi .
: o th tisfactory level of . Thesf
as compared to [12], [13] for the following reasons. (i): st acquired with a satistactory 1eVer ot accuracy. ' Negstor

work, the presented asymptotic analysis varied substnt the deployment of the proposed ISR scheme alleviates the CSI

3 cquisition requirements and limits the CSl-related digna
for the three casep < ¢, p > ¢ andp = ¢. This entailed d d 99

: . . overhead as compared to the SR scheme.
three variants of the asymptotic analysis to cover thesescas

unlike [12], [13] where the reported steady-state prolites] Based on the above discussion, ISR outperforms SR in terms
OP and APD do not vary for the above three cases. (iff the OP and APD performance while requiring a limited
While the asymptotic analysis in [12], [13] as well as thé&ignaling overhead and deploying practical finite-sizefdysf
asymptotic analysis of the SR scheme and the ISR schefiesize two. The performance of the superior ISR scheme
(for p # q) revolved around identifying a closed-subset ofan be further improved by optimizing the placement of the
dominant states, this type of formulation was not possibte frelays. This optimization is particularly relevant to ceogtive

the ISR scheme withp = ¢. For this scenario, the asymptoticFSO networks with dedicated infrastructure where the eelay
OP and APD expressions were derived in an alternative way 8¢ deployed with the sole objective of assisting S in its
determining conditions for which the seven-variable beégancommunication with D. As will be highlighted in Section V,
equation in (43) holds in the asymptotic regime. (iii): Fopdequately placing the relays results in significant redost
the scenarios where the closed-subset formulation hdiits, tof the OP while keeping the asymptotic APD fixed at the
formulation is judged to be more challenging in this papéRinimum value of 2 forL, = 2 following from (38) and (40).

as compared to [12], [13] since the closed-subset containE@m (37) and (40),Pout = pmax + p*¢*> > [max{p, ¢}]*
larger number of highly connected states. As such, identfy for p # ¢ while P,,; = p*¢> = p* for p = q. As
this subset is challenging in the first place and the soluti®¥ch, sincep < max{p,q}, then the choice» = ¢ results

of the approximate balance equations is more involved. For the minimum OP value. This result is comparable with
example, in [12], the closed-subset contained only 4 stafedffer-free relaying networks where the outage probapilit
where each state in this subset was connected to only 2 otfler- ¢ — pg)* ~ (p + ¢)* is minimized forp = ¢. If both
states in the asymptotic regime. The analysis of the singfe=R and R-D hops are identically distributed, the relation
relay two-way scheme in [13] revolved around a closed-subge = ¢ implies thatd; = d» highlighting that the relays
of 9 states where each state was connected to up to 3 otfigist be placed in the bisecting plane of [S D]. Since the
states asymptotically. On the other hand, the analysis ef thutage probability decreases with the link distance, thendi

SR scheme in this paper was particulary complicated sinde= d> = %2 results in the best possible performance. Note
the closed-subset containgd. + 1 states where this numberthat regions in the vicinity of the midpoint of [S D] might not
increases rapidly with the buffer siZe In this scenario, each be feasible (because of the presence of obstacles thatthieck
state in the closed-subset was connected to 3 other statebQ% FSO links, for example). In this case, the smallest desta
the asymptotic regime. Finally, for the proposed ISR scheme = d2 that results in a feasible placement constitutes the
with p # ¢, despite the relatively small number of states in theest option. On the other hand, for non-identically distréal
closed-subset (that is equal to 7), the high connectivitthef channels, the relatiop = ¢ does not necessarily imply that
MC rendered the asymptotic analysis more challenging sinde = dz. In this case, since the outage probabilities scale
a state of the closed-subset can be connected to up to 6 ot = P&mm{ﬁ"’é"} in the asymptotic regime, then
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the optimal relay placement can be obtained by solving t
equationmin{3, £} = min{32, &5} where the coefficients
(1 and By depend nonlinearly on the distancés and ds
through the Rytov variance following from (3).

?ﬁ < q) with the results shown in Fig. 4 and Fig. 5. Scenario-3:
we consider a symmetrical network in Fig. 6 and Fig. 7 with
d1 = dy = 2 km resulting inp = ¢. The numerical results
were obtained by running ten million Monte Carlo simulation
that yielded accurate OP and APD results for practical wlue
V. NUMERICAL RESULTS of the SNR. The simulations demonstrated an extremely close
We next present some numerical results that support ti@tch between the numerical results and the analyticaltsesu
reported theoretical findings. The refractive index swuiet provided in Section Il and Section IV. As such, the numdrica
constant and the attenuation constant are s&tto= 1.7 x results were not plotted in the subsequent figures for the sak
10~ m—2/3 ando = 0.44 dB/km, respectively. The receiverof clarity of these figures. Note that the simulation results
radius @), beam waist (.) and pointing error displacementwere used to check the accuracy of the analytical resulig onl
standard deviationo(,) are assumed to be the same for afor small-to-average values df,; whereas the OP and APD
nodes witho,/a = 3 andw./a = 10. S and D are separatedcurves provided in figures 2-10 correspond to the analytical
by a fixed distance ofsp = 3 km while the distanced; and results that hold for all values afy,.
do of the two hops are varied. Three simulation scenarios areResults in Fig. 2, Fig. 4 and Fig. 6 highlight on the accuracy
considered. Scenario-1d,,ds) = (2,1.75) km resulting in of the asymptotic OP expressions derived in (25), (37) ad}l (4
p > q where the OP and APD curves are shown in Fig. r the SR and ISR algorithms under the three considered
and Fig. 3, respectively. Scenario{2,d2) = (1.75,2) km scenarios. Similarly, results in Fig. 3, Fig. 5 and Fig. 7
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AR scheme by around 4.5 dB at an OP valud @f5. Results
demonstrate the usefulness of the simple expressions )n (24 Fig. 3 demonstrate an appealing APD performance of the
(38) and (40) for predicting the asymptotic APD performanc@r scheme that is comparable to that of the ISR scheme in
Results in Fig. 2, Fig. 4 and Fig. 6 show the OP improvemenise high-SNR range. While the APD values of the AR scheme
that can be achieved by the ISR scheme under all scenarigg, slightly better for the mid-SNR range, the APD gains of
These figures also demonstrate the diversity gains reapedygy |SR scheme are particularly visible in the low-SNR range
the ISR protocol and the Ilimit.egl diversity _orders achie\(yd Ms a conclusion, the highly poor OP performance of the AR
the existing SR scheme with finite buffer sizes. As highkght scheme overwhelms its satisfactory APD performance thus
in Section Ill, the OP of the SR scheme decreases With highlighting on the superiority of the proposed ISR profoco
unlike the proposed ISR scheme where the buffer Sizkes From Fig. 3, the OP improvements of ISR with respect to
not affect the OP performance. This highlights on the mair are associated with a reduction in the delay wheng. In
advantage of the ISR scheme that is capable of achievifigs case, ISR achieves the smallest reported asymptotiz AP
significant OP and diversity gains while deploying buffeifw ,5)ue of 2 regardless of the buffer size. In fact, sipce g,
finite size that avoid the excessive queuing of the pack®is, t the relays’ buffers are not congested since the departtee ra
positively impacting the delay. As a benchmark, Fig. 2, Big. (along the R-D hop) exceeds the arrival rate (along the S-
and Fig. 6 include the performance of buffer-free (BF) syste R hop) which positively contributes to reducing the queuing
whose OP is given bjp + ¢ —PCI]_Q- On the other hand, sinceejays. In the casp < ¢, results in Fig. 5 show that the OP
the relays are not equipped with buffers in BF systems afiirovements come at the expense of doubling the asymptotic
since the full-duplex FSO relays can simultaneously trahsmpp as highlighted in (27) and (38). Finally, for = g,
and receive, then the delay in the delivery of the packei§r achieves the highest diversity gain compared to SR as
corresponds only to the processing delays at the relaysewvhgfgniighted in Fig. 6 while manifesting a comparable APD
these delays can be ignored compared to the queuing de|aYEéPformance as shown in Fig. 7.

BA systems. Results highlight on the huge OP gains that cant js worth highlighting that the analytical framework
be reaped by equipping the relays with buffers. For examp'gwesented in this paper revolves mainly around the outage
for symmetrical networks in Fig. 6, the proposed BA ISRy gpabilitiesp andq regardless of how these probabilities are
scheme with a buffer size of five outperforms BF systemshtained from the underlying weather conditions. In oraer t
by 7.5 dB at an OP ofl0~". demonstrate the validity of the obtained results undeeckft

Fig. 2 and Fig. 3 also include the OP and APD curvesjeather conditions, Fig. 8 and Fig. 9 show the OP and APD
respectively, of the BA FSO all-active-relaying scheme JARperformance for. = 10, dsp = 1 km andd; = dy = 750 m.
proposed in [4]. This scheme is based on activating aNe consider the “clear air” conditions witi? = 1.7x10~ !4
available S-R and R-D links in the network while avoidingn—2/3 ando = 0.44 dB/km and the “light fog” conditions
the storage of redundant replicas of the information packet with C2 = 3x10~'> m~2/3 ando = 20 dB/km where these
the relays’ buffers. This was achieved by retaining theivete values constitute the typical values used in the literaf2gg.
packet in the buffer with the smallest length while dropptimg While identically distributed channels were consideredaso
replicas of this packet from the remaining buffers in anratie where all links are subject to the same weather impairments,
to realize load balancing [4]. Results in Fig. 2 show that tHeig. 8 and Fig. 9 also consider the case of non-identical
AR scheme suffers from high OP values. In this context, tlehannels where the S-R links experience “light fog” while
proposed ISR scheme significantly outperforms the existitige statistics of the R-D links are determined assuming the
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schemes following from (27) and (40). For the “mixed” setup,
p > q following from the more severe weather conditions
along the S-R hop implying an advantageous asymptotic APD
value of 2 for the ISR scheme following from (38) and an
asymptotic APD value of, — 1 for the SR scheme following
from (27). For the “light fog” and “mixed” conditions, thewe

SNR delays are excessively large following from the incedas
unavailability of the FSO links. This issue can be solved by
implementing hybrid RF/FSO connections where, for the RF
links, any one of the existing RF BA half-duplex schemes can
be implemented [8], [10], [11].

The impact of the placement of the relays on the OP of the
ISR scheme is verified in Fig. 10 faPy; = 15 dB, L = 2
anddsp = 3 km. The three following scenarios are considered.
Scenario 1: identical channels with = 1.7 x 10~ m=2/3
for both hops. Scenario 2: non-identical channels with=
3x 10~ m~2/3 along the S-R hop and? = 1.7x 10~
m~2/3 along the R-D hop. Scenario 3: non-identical channels
with C2 = 1.7x 10~ m~2/3 along the S-R hop and? =
3x 10~ m~2/3 along the R-D hop. The relays’ positions
. . iy _ . are varied either along the circle of diameter [S D] (such tha
clear air” conditions. This last scenario is referred totlas d? + d2 = d2p) or along the line [S D] (such thak; + dy =

“mixed” setup in Fig. 8 and _Fig. 9. This sgenario is introokdlcedSD). Results show that varying the positions along the line
for the sake of demonstrating the superiority of the prodos?esults in smaller OPs since the links will become shorter.

relaying scheme even when the turbulence and attenuatm identical channels, the OP is minimized far= ds. For
parameters are not the same for all links even though thi§, jqentical channels, the optimal value @f/d> matches
scenario is nqt very probable in practice given the ProXimity, o sojution of the equatiomin{3;, €2} = min{gs, £2}. To
of the nodes in the FSO network rende_rmgl all I|nI_<s S,Ubjegﬁtisfy this relation, the relays must be moved closer to 8nwvh
to comparable weather effects. Results in Fig. 8 highlight Yhe turbulence is stronger along the S-R hop (scenario dgwhi

the improved OP levels that can l?e achieved by, the_prop0§ﬁg relays must be moved closer to D when the turbulence is
ISR scheme under the three considered “clear air”, “ligigt fo stronger along the R-D hop (scenario 3).

and “mixed” weather conditions. Note that the turbulence is
weaker with “light fog” resulting in steeper OP curves for
large values ofP,; whereas the excessive attenuation incurs
significant OP degradations for small valuesiof;. Results  We provided a theoretical performance analysis of the €exist
in Fig. 9 demonstrate the accuracy of the derived asymptotily FSO SR protocol and we proposed an improvement to this
APD expressions. Note that, for the “clear air” and “lighgfo protocol that is better tailored to realistic systems dgiplg
scenarios, the choicé, = d, implies thatp = ¢ resulting finite size buffers. The theoretical evaluation highlightbat

in an asymptotic APD value of. for both the SR and ISR the proposed scheme is capable of enhancing the diversity

APD

Power Margin, PM (dB)

Fig. 9. APD forL = 10, dsp = 1 km andd; = d2 = 750 m under different
weather conditions.

VI. CONCLUSION
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(1-q)/2

Fig. 11. The closed-subsét and the corresponding transitions in the asymptotic regime

order without the need of implementing buffers of infinitehe balance equation at a stéte, I») of S’ can be written as:

size that incur infinite delays. While the derived closed¥o

asymptotic performance metrics hold for two-relays neksor 1

future work must consider the extension of the performance iz = 57l +am, 1,41 + BT 41,001 (42)

analysis to networks with any number of relays. Increadieg t

number of relays is expected to improve the availabilityra t (). For j; 41, = L — 1, a = 161,41 + 16,2, and 8 =

network and reduce the delays. 181,21 + 261,-1 whered, = 1 if the statement is true and
0s = 0 otherwise while the approximatiohg—q ~ % was used
in the expressions af and 3. As such, the solution provided

APPENDIXA in (20) satisfies (41) fot, + 1 = L — 1. (ii): For [y + 1 = L,
o= 201,41 4 0,1 and 8 = 16,41 + 6,—1 (Wherel — p —

We first prove that, i) a15) — 0 for (li.l2) € Sand \yinsving that the solution in (21) satisfies (41) in this
(11,15) ¢ S. The transitions in (15) and (18) do not yieldq ) implying ution in (21) satisfies (41) in thi

. . case. (iii): Forly +lp = L+ 1, a = 1§ L5, and

to states outside sincel] + I, = Iy + I for all (1},15) € T (i) L th T_p “ 1 oh + 30h=2
L> "2 B = 301,22+ 501,—2 (Where—=2 ~ 5) demonstrating that the
{1, 12), (41,15 —1), (b —1, I+1)} and, thereforelly, 15) € o0y rsive solution of (41) is as provided in (22).
S whenever(ly,l2) € S following from (19). Consequently, N | h babiliti A in (20)-(22
in what follows we need to consider only the transitions in ext, we rejate the proba itigs;, p12 andys In (. )-(22)
to each other by manipulating the balance equations atsstate

(16) and (17). . .
of §”. Adding up the balance equations at the stated — 1)
and(0, L) then replacing in the balance equations at the states
(0,L — 1) and (0, L) results in the relationgu, = pus
and pus = qu2. As such, forp = ¢, 1 = p2 = pz as

The setS can be further partitioned a& = S’ US” where
S = {(ll,lg) | I }é O,L ; lo 7§ O,L} andS” = {(O,L—
1), (L —1,0),(0,L),(L,0),(1,L),(L,1)}. For the elements
of &', the transition probabilities in (16) and (17) tendg¢d . . _» . .
andp? asymptotically, respectively, sinag = ¢ = 2 in this h'gh“%hted n (23).‘ Fop > g, i = qh2 while the probability

: . . = 4,5 can be ignored fo,; > 1. In fact, bothp andg¢
case. As such, the corresponding transitions can be |gnoFLe°’d P . . ; :
. are decreasing functions &f,; implying that the gap between
for p < 1 and¢ < 1. We next consider the elements &f. L L : . .
. . these probabilities will increase &%, increases implying that
For the stateg0), L) and (L, 0), the transitions in (16)-(17) the ratiog/p can be ignored in this case where the scintillation
yield to the state§(1, L), (0, L — 1)} and{(L, 1), (L — 1,0)}, /P g

respectively, where all of these four states belongStd~or gnd{lorlpo;ntmg errors r?re mgreb_]s_evereflc;ng the f|rsl;[ hop.

the stateg0, L — 1) and (L — 1,0), the transitions in (16) are > o> OF P < 4, the probability us = 3 2 muszt) €

confined inS. On the other hand, the transition probabilitielc,nCIUdeO.I in the calculations while the probability = g2

in (17) are proportional tg? since (¢,v) = (2,1) in this can-be ignored. )

case implying that these transitions that yield to statasidger _ SINC€ we have proven that the sét is closed, then

S can be ignored asymptotically. Finally, for the statésL) 21, 12)es Tholo — 1. Following from (20)-(22), this results

and (L, 1), (¢,7) = (1,2) where the transitions in (17) are'™

confined inS while the transitions in (16) that might yield

outsideS can be ignored since they occur with a probabilit@ + 261 (L —2) + 2z +4pe(L — 1) +2u3+2pu3(L—2) = 1.

that is proportional taj?. (42)
The closed-subsef is shown in Fig. 11 where the high Finally, replacingu; andus by their values as a function

order probabilitieg?, ¢ andpg were ignored. From Fig. 11, of x5 in (42) yields to the solution provided in (23).
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For p = q, the balance equation at any stétg, l,) € Z(?)
can be written as the summation of six terms as follows:

2
AP Ty, 1y = T 41,00—1X1 + Tl —1,10+1X2+

p p
MLl [01,=1+pd1, 1] + 3+l 01, =1—1+Ppo1, £1—1]+

gﬂll,bq [512:1+p512¢1]+§7ﬁl,12+1 [01,=1—1+PO,2£1-1)
(43)

where:

X1 = P01, £1—1015=1 + 01y =1,—101,221) + P*01, 2110121

X2 = P(01, #101,=L—1 + 01, =101, 0-1) + P*01, 101,41
(44)
For the equality in (43) to hold for all values ¢f the
following conditions must hold. (i): From the third term in
the summationy;, —1, « ¢ for [y # 1 andm;, _1,, o p for
Iy = 1 implying thatm, ;, o ¢ for [y # 0 andm, ;, « p for
l; = 0 wherec is a constant. (ii): From the fourth term in the
summationmr;, 41,5, o ¢ for Iy # L —1 andm, 41,1, x p for
ly = L — 1 implying thatm;, ;, oc ¢ for [y # L andmy, ;, < p
for Iy = L. (iii): Similarly, from the fifth and sixth terms in
APPENDIX B the summation, we can deduce that;, « c for iy # 0
and m, 5, o< p for Iy = 0 andm, 5, o ¢ for Iy # L and
We first consider the casg > ¢ and prove that the setml_l2 x p for I, = L. The above results imply that, ;, o p
So in (33) is closed. From (29)-(32), the transitions from thg,, (I,13) € M and 7, 5, « ¢ for (I1,15) € Z(). This
stateg0,0), (0,1) and(1,0) are confined irS,. Moreover, the conclusion also ensures that the left-hand-side of (43)taed
transitions from the statds, 2) and(2, 1) to the states outside irst two terms in the summation to the right-hand-side o (43
Sy occur with probabilities;p?, 3¢* andpg and, consequently, are all proportional tg? thus completing the proof of (39).

can be neglected. Finally, from the stafs2) and(2,0), we  Following from (39), the OP in (11) can be written as:
can exitSy with the probability%q that tends to zero sinagis

Fig. 12. The closed-subsé&y for the ISR scheme witlp > q.

neglected compared pin this case where > ¢. Therefore, Pout = Z Ty, D0+ Z 1 D' (45)
the setSy, shown in Fig. 12, is closed. (Ii,l2)eT™ 20 (l1,l2)€Z® 7.

From Fig. 12, the probability of exiting the staté,0) is
1 —p? ~ 1 and, hencermg o = 0. From the symmetry of the
transitions in Fig. 12, we can deduce that; = 71 o £ 1,
0,2 = 72,0 £ V3 and T1,2 = 721 £ v4. Next, we will relate
the probabilities,, v3 and v4 to the probabilityr; ¢ £ .
The balance equation &b, 1) can be written agp + q)vs =
pro + %p%l implying thatv, = g—Zul. The balance equations
at (1,1) and (1,2) are given by(p? + ¢ + 2pq)v1 = quo +
2pvs + p*vs and (p* + ¢° + 2pq)va = Lvi + Lus + paua,
respectively. Replacing, by its value in these equations and Tide =Lty i-ty ¥ (l1,12) € T, (46)
solving for v and vy results invs = fu1 andwy = g, The steady-state probabilities of elementsZé¥ are pro-
Since the MC is inS, with a probability that tends to one yotignal top and, hence, can be ignored in the evaluation of

asymptotically, them, + 2vz + 2v5 + 2v4 = 1. Replacingrs,  the asymptotic delay. Therefore, (13) can be written as:
v3 andvy by their values in the last equation and solving for

vy results in the solution provided in (35). = A B i

A similar proof holds in the casp < ¢ by interchanging L= 845+ 95 = Zl > o i (4 l), (47)
the probabilitiegp andq and by replacing the statés , ) of T (l)ET,
So by the stateg L — 11, L — I5).

since for(ly,12) € I, (¢, ) € {(1,2),(2,1)} implying that
p?q¥ = p? for p = ¢. Similarly, for (I1,15) € T3, ¢ = ¢p =2
implying thatp?q® = p*. Form (45), it can be concluded that
P,.. is proportional top* as highlighted in (40).

In (43), the probabilities multiplying the terms;
and 0;,—;,—1 are the same. The same holds for the prob-
abilities multiplying (6;, 41,61, 2.—1), (61,=1,01,—=.—1) and
(01521, 01,21,—1) implying that:

whereZ(?, 7{*) andZ{* contain the elements ) such
thatly + 1o < L, 11 + 1o = L andly + I > L, respectively.

APPENDIXC Carrying out the changes of variablés — L — [; and
la = L — Iz in S35 while invoking (46) implies thatS; +

From (30)-(32), the probabilities of exiting the sta{@s0), Sy = 2LZ(1 yez® T da- As such, (47) can be written as

(0,L), (L,0) and(L, L) arel —p?, 1, 1 and1 — ¢?, respec- _ _
tively, where all these probabilities tend to one asympedly. L =L |23 1 ez Tt + 320, 1, ez 7711,12} = L since
As such,m;, ;, = 0 for (I3,15) € (¥, following from (46)

(I1,l2)ez(® Ttz (11 ,l2)ez® Tile
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while the sum of the steady-state probabilities of the ehi_me [22] Y. F. Al-Eryani, A. M. Salhab, S. A. Zummo, and M.-S. Alioi
of Z(?) tends to one asymptotically. Approximating (12) by
results in the asymptotic APD expression provided in (40).
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