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Abstract—In this paper, we consider a three-node free space guaranteeing high-speed reliable communications at last. co
optical (FSO) cooperative network with an energy harvestig  As such, the main motivation behind EH and relaying is
(EH) decode-and-forward (DF) relay. The relay is equipped Wth 4 hrovide energy efficiency and spectral efficiency for next

an energy buffer and implements the harvest-store-use (HSU . .
architecture where the harvested energy is accumulated and generation wireless networks [3]. Energy can be harvested

used for forwarding the information from the source node to from the ambient RF and optical signals, through the well
the destination node. We propose a novel HSU-based relaying studied simultaneous wireless information and power feans

strategy based on the simultaneous lightwave information ed  (SWIPT) technique [4] and through the emerging simultaseou
power transfer (SLIPT) concept where the relay harvests em@y  |ighnvave information and power transfer (SLIPT) methoH [5

from the optical signal transmitted by the source. Firstly, we . ) .
analyze the performance of the considered system by modetin The SWIPT and SLIPT solutions exploit the capability of

the energy buffer as a continuous-space Markov chain (MC) RF and optical signals, respectively, to simultaneouslyyca
for the sake of deriving the limiting distribution of the stored energy and information.

energy. Secondly, we discretize the state space and use the |n RF networks, the vast majority of the recent EH schemes
resulting discrete-space MC to derive the steady-state disbution are based on the harvest-store-use (HSU) architecture [6]-

of the buffer content. Thirdly, we propose an approximate . . . .
discrete-space MC for capturing the energy buffer dynamics [14]. For this architecture, the harvested energy is storeth

in a simple manner. The third approach is useful for relating €nergy storage device, also referred to as energy buffeh (su
the outage probability to the channel coefficients and aveige as a rechargeable battery or super-capacitor), and sudrsiyu

amounts of harvested energy in a simple closed-form manner. ysed for information transmission. Point-to-point (P2Mew
Simulation results validate the presented analytical evalation less powered communications were studied in [6], [7] where
and demonstrate the performance improvement that is achiesd the RE h ted in the d link i ' lated and
by the proposed scheme. e energy harvested in the downlink is accumulated an
used for transmitting the information along the uplink in a
frequency division setup. The main difference between [6]
and [7] resides in the manner in which the energy buffer
is operated when the stored energy is less than the required
. INTRODUCTION transmit energy. In this case, the mobile node refrains from
Relaying plays a vital role in enhancing the throughpu&r,ansm'.ss'on in [6] while it transmits with whatever avbim_ .
energy in [7]. Three-node cooperative RF networks compgisi

boosting the reliability, improving the diversity gainsdan = . : .
extending the coverage of wireless networks whether in tﬁ‘eSlngle E_H-relay (R) were _con5|dered " .[8]' [9]' Incren&bnft
d non-incremental relaying were studied in [8] assuming

context of radio frequency (RF) or free space optical (FS@? tant t it d finite-si buff
cooperative communications. Conventionally, relays ase g constant fransmit power and an Infinite-size energy utter

sumed to be battery-powered and, consequently, are rea |§/“ke _non-mcrementa_l rglaymg, the _5|gnal_ m!ght not be
available for assisting a source node (S) in its commurdoati ' ns_mltt_ed along _the |nd|re_ct S-R-D _I|nk with incremental
with a destination node (D) [1]. Recently, there has be laying if the quality-of-service (QoS) is met along theedt

a surge of interest in relays that are powered by ener 'I.D link. Qegode-and—forward (DF) relaylng W'th a max_|mal
harvesting (EH) as a means of prolonging the lifetime tio combining (MRC) receiver was examined in [9] with a

energy-constrained networks [2]. Cooperative solutioageh Inite-size buffer with either fixed or variable transmit pew

been included in recent wireless standards and their impglgm the_relay. The performance analysis in [6]_[9_] was Ua_se
tance has been outlined in the imminent 5G networks wift{’ studying the energy storage process by modeling theesing|

an extended field of applications including dense netwuy,kinenergy buffer as a discrete-time continuous-space Markov

Device-to-Device (D2D) communications, Vehicle-to-Vbi chain. In this context, the limiting distribution of the std

(V2V) communications and Internet-of-Things (1oT) [3]. Bu energy was derived for Ra_yleig_h f_adir_lg environm_ents t_hat

to the exponentially increasing number of deployed wirseleizta" a tractable exponential d|s_tr|but|on on the incagnin

devices, 5G must ensure energy efficiency in addition rvested energy. In fact, for RF S|gnals_, the harvesteygne
IS proportional to the squared magnitude of the channel
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relay setups in [11], [12] where relay selection strategiese  with the objective of maximizing the bit rate delivered t@th
investigated based on partitioning the relays into two stghs worst ground user.
Relays in the first subset switch to the EH mode while relays in Despite the extensive literature on RF cooperative commu-
the second subset cooperate for forwarding the message toi€ations with HSU EH relays [6]-[14], to the authors’ best
based on a distributed beamforming scheme. In [11], [12], thknowledge, the use of relays possessing EH and energy storag
decodability subset comprises the relays that were camdblecapabilities was never considered before in FSO networks. |
decoding S’s signal and that have enough stored energkeJnliact, the use of relays was not considered in [5], [15]-[ha}t
[6]-[9] that derived the continuous probability densityétion tackled optical EH with P2P noncooperative communications
(pdf) of the continuous-space Markov chain, the perforneanwith a destination that is not equipped with an energy strag
analysis in [10]-[12] was based on discretizing the statkevice. Although [20] considered the use of a UAV as a relay
space and deriving the discrete steady-state distribaticghe (that receives FSO signals and transmits RF signals), nggne
discrete-space Markov chain. This calculation methodplogtoring capabilities were considered in this reference alé w
was also adopted in [13] for studying amplify-and-forwart/lotivated by the above observations, this work targets FSO
(AF) relay selection with finite-size energy buffers and imelaying with an EH relay that is equipped with an energy
[14] for tackling the physical layer security in two-hop RFouffer. The design of such cooperative FSO systems cannot be
networks. While the continuous approach ensures exadtsesueadily borrowed from the existing literature on RF relayin
the discrete approach yields approximate results with & hifs]-[14] given the unique particularities that distinguis SO
level of accuracy if a large number of states is considerdil [1systems from their RF counterparts. (i): FSO transmissioas
However, the continuous approach might not be culminatbadsed on narrow laser beams and, hence, are highly directive
by closed-form expressions of the pdf especially for inedlv in nature. This implies that multiple FSO transmissions can
EH models and/or relaying protocols [8], [9]. Finally, fdret take place simultaneously in the network with no interfeesn
discrete approach, it is hard to derive the steady-stateldis where this feature can be exploited for enhancing the QoS of
tion in closed-form if, for the sake of accuracy, discreiima the network. Therefore, unlike the RF relaying solutions in
is performed over a large number of energy levels [10].  [8]-[14], S can simultaneously communicate different sign
While EH from the RF signals for wireless powered coopete R and D in FSO networks. (ii): FSO relays operate naturally
ative communications has been well investigated over thie lén the full-duplex mode. In fact, unlike RF systems where
decade [2], there has been a recent growing interest in BHl fréthe same antenna is used for reception and transmission at R,
light signals in the context of indoor visible-light commun a FSO relay can simultaneously receive signals at its photo-
cations (VLC) and outdoor FSO infrared communications [5{letector and transmit signals from its laser. In this contex
This EH from the optical signals can be realized through dedll the RF relaying systems in [8]-[14] deploy half-duplex
icated optical wireless power transfer solutions [15],][@6 relays. In addition to adapting the relaying/EH strategyhie
through the emerging SLIPT technique [5]. In [15], a dedidat specificities of the FSO networks, additional challengésear
unmodulated ground-based laser was used to deliver opticathe performance evaluation compared to RF systems. (i):
energy to charge an unmanned aerial vehicle (UAV) in flightinlike RF signals where the harvested energy is proportiona
A similar application was outlined in [16] in the context ofto the transmitted energy, more complicated non-linear EH
P2P communications where a FSO transmitter with permanemddels need to be adopted with optical signals [5]. (ii): RF
power supply communicates with a receiver with no poweelaying is widely analyzed over Rayleigh fading channels
supply. Unlike [15], [16], the SLIPT strategy revolves andu with the favorable implication that the harvested energyy wi
the simultaneous information transmission and power feans follow the tractable exponential distribution [6]-[9]. FSO
In fact, optical signals comprise a DC component that limitsystems, more complicated channel models must be condidere
the modulation to the linear output-versus-input regiorthef thus adding to the complexity of the analysis.
optical source as well as an information-carrying alténgat ~ The major contributions of this work are as follows:
current (AC) component. The SLIPT concept revolves around- Propose a novel DF relaying strategy for single-relay
solar panel based receivers where the DC and AC components FSO systems with a HSU EH relay. (i): Unlike the
of the received optical signal are separated and used for existing FSO EH networks [5], [15]-[20], we consider
EH and information decoding, respectively. SLIPT-baseB P2  the case where the relay is equipped with an energy
communications for amplitude modulated indoor VLC systems  buffer. (ii): Unlike the existing RF EH networks [8]-[14],
and pulse position modulated outdoor FSO systems were the proposed scheme takes into consideration the full-
analyzed in [5], [17] and [18], respectively. Additionally the duplex capabilities at R as well as the high directivity
context of P2P communications, collaborative RF/VLC net-  of the FSO links. (iii): Unlike [6]-[14] that are based on
works were considered in [19] where the optical transceiver  a linear EH model over Rayleigh channels, we consider
implement the SLIPT strategy while a RF access point daiver  a nonlinear EH model over FSO gamma-gamma fading
complementary RF wireless power transfer. FSO EH was also channels. (iv): Unlike most prior works [10]-[14], we do
considered in [20] with mixed FSO/RF communications where not ignore the S-D link. (v): Unlike [10]-[14] where the
a ground base station delivers information and power to a UAV  relay switches between the EH and information forward-
based on the SLIPT concept while the UAV communicates ing modes, we consider the possibility of simultaneous
with a number of ground users over orthogonal RF channels. information reception and EH at R based on the SLIPT
In [20], an optimization problem was formulated and solved technique.



optical power. Similarly, the optical-to-electrical camgion is

Photodetector 2 Laser 3

ﬁo\ limited to the linear region of the photo-detectors. Theref
f‘%mi’ff/‘ the received electrical current will be proportional tootteal
t(f Y\Sﬂ e, current driving the transmitting laser.

 Relay (®) We consider non-coherent optical communications with

intensity modulation and direct detection (IM/DD). Non-
negative@-ary Pulse Amplitude Modulation (PAM) is imple-

. o mented where thg-th symbol is modulated by pulsing the
too B b laser at the optical power, where0 < p; < --- < pgo < Pp,.
oo e In particular, for the popular On-Off-Keying (OOK) scheme,
o © Q = 2 with p; = 0 andpg = P,,. The S-D, S-R and R-D links
ource® will be denoted by link-1, link-2 and link-3, respectivefrom

Fig. 1, thei-th link extends from lasei-to photo-detectot-
that are separated by a distandor i = 1,2, 3. When laser-
Fig. 1. Three-node cooperative FSO network. i is pulsed at the modulated power € {pi,...,pg}, the
received electrical signal at photo-deteciaan be written as

- We analyze the performance of the proposed scheme [%J/ (0)
. . Y; = nh- hﬂ?l + iy (1)

modeling the energy storage process as a continuous- i
space Markov chain in a way that is analogous to [6]-[9vhere it is assumed that the three photo-detectors have the
However, unlike [6]-[9] that hold for an exponentiallysame responsivityy (A/W). In (1), z; is the zero-mean real
distributed EH model, the presented performance analyaigditive white Gaussian noise (AWGN) at photo-deteétor-
is tailored to the nonlinear EH model over gamma-gammuith varianceos? that is independent of the transmitted signall
channels. [1].

- We also carry out the performance analysis by discretiz-In this work, we adopt a channel model that takes into
ing the state space resulting in a discrete-space Markaycount the combined effects of path loss (the terfi)
chain analysis. as well as atmospheric turbulence-induced scintillation a

- While the above two calculation methods accurately camisalignment-induced fading caused by pointing errorsnico
ture the performance of the studied system, it is difficuliined in the termh;). The path-loss term along link-is
to draw intuitive insights on the system performancebtained as [21]:
based on these approaches in coherence with the existing 48

literature [6]—[14]. As such, an approximate performance hl(»o) = —Sse %t i=1,2,3, (2)

.. . ; wO5d;

analysis is also provided based on narrowing down the a™i

admissible transitions in the discrete-space Markov chaMihere o,, S, and 6, stand for the attenuation coefficient,

This approach results in simple closed-form expressiofgceiving area and diffraction-limited beam angle, retipely,

of the buffer content steady-state distribution as well aghere it is assumed that all deployed photo-detectors are

the system outage probability. identical. The probability density function (pdf) df; was
derived in [22] assuming gamma-gamma turbulence and a
Il. SYSTEM MODEL Gaussian spatial intensity profile falling on a circular ripe
A. Basic Parameters and Channel Model at the receiver: ) ,
i i Qi Pig; ,0 | Qi i
Consider a three-node cooperative FSO network composgdh) — %Gig [ Aﬁ h e 1 a‘g_ L6 1]
of a source (S), relay (R) and destination (D). Based on the iI'(0s)L (i) i i ) Qg s Pi 3)

non-broadcast highly-directive nature of the FSO transm'\'/svherel“(.) is the Gamma function an@”;"[.] is the Meijer
sions, the communication between any pair of nodes talg-e1 P4

place along a dedicated FSO link comprising an Optica§funct|on. In (3),c;; and g; stand for the distance-dependent

. . . arameters of the gamma-gamma distribution:
transmitter (laser) and an optical receiver (photo—deu)ectIO g g

as highlighted in _Fig. 1. Consequently, S is equipped Withai _ {exp (0.490?%(di)/(1+1'110}1%2/5%))7/6) B 1}—1

two lasers; one directed towards D and the other towards R.

Similarly, D is equipped with two photo-detectors for retep 5. — {exp (0.510%@)/(1+0'69011%2/5(di))5/6) _ 1}

along the S-D and R-D links while R is equipped with a laser

and a photo-detector. where the Rytov variance is given by?%(d) =
The three deployed lasers are assumed to operate under2aC?k7/64'/6 with & and C? denoting the wave

peak power constraint where the transmitted optical poweumber and refractive index structure parameter, respbgti

cannot exceed a maximum power level denotedrpy (W). [21], [22].

The modulation of the lasers is limited to the linear output- In (3), the parameterd; and¢; are related to the pointing

versus-input operating region where the generated optieators with A; = [erf(v;)]?> where erf.) stands for the error

power is proportional to the input driving current. Hend® t function with v; = \/7/2(a;/w, ;) wherea; is the radius

required electrical power is proportional to the squarehef t of receiveri and w.; is the beam waist along the link-

—1

)



§& = w.,,.i/20s; Whereo,; stands for the pointing error FSO harvested energy can sustain the UAV’s propulsion for a
displacement standard deviation at receivemnd wfc“ = significant fraction of its flight duration.
w? iﬁerf(vi)/[%if”?] [22]. For solar panel-based receivers, optical EH can be realized

' in a simple and efficient manner by blocking the DC com-

) o ponent of the received signal and passing it through the EH

B. Information Transmission branch [5], [17]-[20]. For an average optical power &,

In [23], a lower bound was derived for the capacity ofransmitted from S to R, the harvested energy at R is given
non-negative PAM optical communications with an additivy [5]:
Gaussian noise under a peak power constraint. For such Inc(Pa)
channels, the capacity is maximized for an average-to-peak E(Pay) = fVilpc(Pay) In <1 + T) )

(6)
power ratio of1/2: lzgzlpq = PTM. The bound on the )
achievable rate (in bits/s/Hz) is given by: where f, V; and I, stand for the photo-detector’s fill factor,

thermal voltage and dark saturation current, respectivaly
1 77h1('0)hipm/2 2 (6), Ipc(Pa) stands for the DC component of the output
Ri=logy |1+ | ———— - (4) current:
IDC(Pav) = nth)hQPav- (7)

For a target threshold rate @i, the communication link  As will be highlighted in the next subsection, along the S-R
will be in outage if the rateR; in (4) falls below R,: pi £ |ink, P,, assumes one of the two valus, = P,, and Pa, =
Pr(R; < Rq). Following from (4), the outage probability canp, . /2. The valueP,, = P,, corresponds to the case where S
be determined according to the following relation [22], [24 is transmitting an unmodulated signal with fixed pow®y to
R where this value maximizes the harvested energy. The value

2 .4/ 92Ren 2 . e
pi = & 3411 aifio g il 21’ G+l . P, = P,,/2 corresponds to the case where S is transmitting an
[()T(B:) = Ath )Pm/2 &> i, Bi, 0 information-carrying modulated signal to R where this cleoi

(5) achieves the capacity in (4). Operating laser-2 in the tinea
Based on the above formulation, the target informatiqgion implies that the DC component of the current driving
rate cannot be met along the S-D, S-R and R-D links Withjs |aser is proportional td%, in both cases. The selection
probabilitiespsp = p1, psr = p2 andpro = ps, respectively. of p, is better illustrated in Fig. 2 that shows the flowchart
of the relaying scheme.
The communication-related energy consumption at R com-

. ) ) . prises the energies expended for reception, signal process
S is assumed to have a fixed power supply while R'is @,y yansmission. We assume that the energy needed for

EH node. In this context, R harvests energy from the Iigtﬂtansmission (i.e. the energy needed to drive laser-3 inBig

C. Energy Harvesting

, the transmission timd wil

at R IS then used for mformaﬂpn forvyardmg o D. Suclpe hormalized to unity and, hence, the terms power and energy
scenarios are often encountered in real life systems. Ga® pr | pe used interchangeably throughout this paper
tical application corresponds to sensor networks whereesom

nodes may be equipped with batteries that are periodicall _
replaced or charged by the operator while the self-sustgini~" Relaying Protocol

sensor nodes must harvest their energy from the surroundind he implemented FSO DF relaying protocol based on the
environment similar to the FSO system model considered fiiSU architecture is as follows:

[16]. In such scenarios, the harvested energy accommodates S first attempts to transmit the information message
for the entire power consumption at the self-sustainingesod directly to D along the S-D link. During this phase, since
Another application corresponds to the case where S and D S is connected to a power supply (often the power grid),
are ground stations that are connected to the power gricewhil it also strives to transfer energy to R along the S-R link.
R is a UAV with stringent power consumption constraints  This can be realized by simultaneously transmitting an
and battery lifetime [18], [20]. For such systems, charging unmodulated signal with the maximum powgs, from

the UAV’'s battery from a power beacon transmitted from a laser-2 directed from S to R as shown in Fig. 1. In this
terrestrial laser charging station can sustain the UAV & it  case, the harvested energy at REigP,,) based on (6).

entire flight duration [25]. In this case, harvesting energyn - If the transmission in the first phase along the direct link
a 100 mW modulated laser rather than a 10 W power laser was successful (with probability — psp), S proceeds
(as in [25]) can increase the flight duration b{%. Given with the transmission of a new information message.

that in practice a UAV is deployed to simultaneously serve Otherwise, the S-D link is in outage and S attempts to
multiple users in a wavelength division multiplexing (WDM) communicate the message through R. In this scenario, one
manner, then a moderate number of ten users can extend the of the two following cases arises. (i): The stored power at
flight duration by aroundl0%. Evidently, this number will R falls belowP,, /2. In this case, R does not have enough
be further increased/ N-folds by deployingM x N optical stored power to relay the message to D and, hence,
arrays. Therefore, under nominal operating scenariogptiaé switches to the EH mode. (ii): The stored energy at R



relaxes the synchronization constraints along the camestit
links and avoids queuing and detection delays at D.
_STxMSto D Denote byB(i) the energy level in the energy buffer during
-STxUStoR thei-th signaling interval. Based on the implemented relaying
strategy, the evolution of the energy buffer is capturedhzy t
following relation:

D acknowledges
MS reception

B(i+1)=B(i)+
E(f) - L= sD link in outage &B (i) > Lon s
E(P,), otherwise. ’
8
where, from (5), the S-D link is in outage with probabilityp.
In (8), without loss of generality, we assume that the energy
buffer has an infinite size. This assumption is not limitingcs
the storage capabilities of modern storage devices are much
higher than the amounts of harvested energy that are tyypical
small. In fact, it can be observed that the optical wireless
Fig. 2. Flowchart of the relaying protocol. MS stands for miaged signal harvested gnergy in (6) takes very small Values_ gspeqaﬂly f
(Pay = P /2) and US stands for unmodulated sign&k = Pp,). long FSO links or under unclear weather conditions like fog
and rain. This observation will be further discussed in Bect
V.

exceeds’,, /2. In this case, S communicates the message

to R by transmitting a modulated signal with an average [1l. PERFORMANCEANALYSIS

power of P,,/2. In its turn, R decodes the messag@ preiminaries

and consumes a pOW.de/Q to forward the message The outage probability of the relaying system with an EH

to D. In this case, optical energy can also be harvesteeo|a can be written as:

from the information-carrying signal by feeding the pd &Y '

component to the harvesting branch (SLIPT architecture) P,

resulting in a harvested energy 8fP,,/2) at R. Four = psp |Pr{ B < 5 )"

Stored Energy
atR>P_ /2

STxMStoR

R relays MS to D

The relaying protocol is better described in Fig. 2. It is or(B> P, 9
worth highlighting that the implementation of the proposed e [Psk + pro — psrpro] |, (9)

relaying strategy involves the transmission of a singlelfieek [\_Q/here the system is in outage if the information message

bit from R to S only when S attempts to communicate with . . . . .
(i.e. the S-D link }i/s in outage). 'IE)his bit indicates Whethecl;annOt be delivered neither along the direct link S-D (with

the stored energy level at R exceefs,/2 or not. In the probability psp) nor and along the indirect link S-R-D. It is

first case, S proceeds with the transmission of an informatiorecalled that, R will fail in forwarding the message if eithe

carrying signal with average powe,, /2 while, in the second gz: (:T)S ﬁnr?;gyeLeglljel ;aéliekr)elogvu;dlﬁetrﬁl:lf rglﬁlgnlslel\rllél;é fa e
case, S transmits at the constant power leNgl to achieve : g 9y ge.

maximum EH at R. In this context, the exchange of thiFma”y’ this latter link suffers from outage when eitheeth
-R or the R-D hops are in outage.

feedback bit for a fractiopsp of the time involves a marginal . . . .
" : The energy storage process in (8) is a discrete-time Markov
additional power consumption that can be safely neglected. . .
chain over a continuous state space where the energy level

This is especially true since practical communication eayst B can assume any positive real value. The objective of

often involve exchanging positive/negative acknowledgeim , . o . - :
(ACK/NACK) between the communicating nodes. this section is to derive the limiting pdf of the stationary

While this option is appealing for self-powered relays,st i
not fully viable for EH relays that might not have a sufficien
amount of stored energy to participate in the cooperation (1 _ yc \E [E(P,,)] + psoE [E(Pr/2)] SpSDP—m, (10)
effort. Moreover, the continuous transmission from R will 2

expend its battery at a faster pace which is not approprimte fvhere E:| stands for the time-average operator. The condition
EH relays. These observations motivate the proposed nglayin (10) avoids the overflow of the bufferB( — o0). This
strategy where, for the sake of energy efficiency that is obndition is derived assuming that there is enough stored
paramount importance in the considered system setup, oahergy in the buffer for transmissionB( > PT"L) since,
those information symbols that cannot be delivered aloeg tbtherwise, the buffer would contain a small amount of energy
direct link are relayed from R. Furthermore, this strategygnd would not risk energy overflow given the small amounts

rate exceeds the energy arrival rate. In other words, thagto
Process in (8) possesses a stationary distribution if:



of harvested energy. The quantity to the left-hand-sidel6j ( where, from (6)-(7).u = fl/;nhgo)Pm and v £ h(ﬁ‘;P .
Ny m

stands to the average amount of harvested energy where wiffy1 4y, W (-) stands for the Lambert W-function whilg ()
probability 1 — psp (resp.psp) the S-D link is not in outage stands for the pdf in (3).
(resp. in outage) and, hence, R is harvesting an energy of proof: The proof is provided in Appendix A. ]

E(Pn) (resp.E(Py/2)). The quantity on the right-hand-side Based on proposition 1, the outage probability can be
of (10) stands to the average amount of expended eneg@termined from (9) with:

since R is transmitting a power af,,/2 when the direct P too
link is in outage (always assuming that the buffer is clogey (B > _m) :/ go(x)dz = fe—b%m
to overflow andB > PTM). It is clear that the condition in 2 L b

2

(10) holds especially for relatively long link distancesden _ 2 e 1 _pr(B P
unfavorable weather conditions following from the factttha " bP, [ c } N <% )
the wireless optical harvested energy will be small in such (15)
scenarios. Further discussions on this matter will be e

) ) following from (11) and (12) where the constanis given in
in Section 1V.

On the other hand, if the stability condition in (10) doeg1
not hold, then after a finite number of time slots the Marko
chain will tend to the absorbing state— oo (or fully charged
battery). This implies that the transmission power Ie‘iyl is

3).

Note that while the solution provided in proposition 1 is
Nighly accurate, its main limitation resides in the factttha
the integral in (13) cannot be solved analytically given the

. . o . . complexity of the pdf in (14). Consequently, (13) needs to be
always likely to be available for retransmitting the infation solved numerically. While numerically solving this equaati

from R [6]-[9]: Pr(B > P,/2) — 1. In this case, the SYSteMyith one unknown is simple, the numerical method fails

simplifies to a conventional three-node network with a selfh relating the constant, and henceP,y, to the system
1 outy

powered relay where, from (9), the corresponding outage . meters in an intuitive and tractable manner.
probability is given byPout = psp [psr + PRD — PSRPRD]-

o S ) C. Limiting Distribution of the Energy Buffer: Exact Discrete
B. Limiting Distribution of the Energy Buffer: Continuous  approach

Approach _ _ _ _ 1) Discretizing the Continuous State Space: In order to

~ The optical wireless EH model in (6)-(7) differs substangyercome the aforementioned limitation associated with th
tially from RF EH where the harvested energy is prOport'O”ﬁ{traCtability of the parameters of the limiting pdf in (11)

to the squared magnitude of the channel coefficient [6]-[14}e next resort to an exact discrete approach that is based
In this case, for Rayleigh fading channels, the harvestgd iscretizing the continuous state space. This approgch i
energy will follow the mathematically tractable exponahti widely adopted in the open literature as it yields accurate

distribution. On the other hand, (6)-(7) highlight a highign-  egyits if the total number of states is sufficiently large]}f
linear dependence on a mathematically challenging gamnpgyg),

gamma random variable. As such, the derivations presentedhe energy intervalo, £x] will be discretized intoL + 1
in this section differ substantially from those provided i’énergy levelse; = iA forQi — 0.....L where A 2 Pn

[6]-[9] for exponentially distributed RF harvested energyrne entire energy buffer (over the energy interjl 025[)
Without resorting to discretizing the continuous statecspa i pe discretized intoL’ -+ 1 energy levels{e; X, with

the stationary distribution can be determined accordinthéo ;/ . 1 since an infinite-size energy buffer is considered. As

following proposition. such, the continuous-space Markov chain will be approxéahat

Propositionl: For stable energy buffers, the limiting pdf Ofby a discrete-space Markov chain over+ 1 states denoted
the stationary distribution of the energy buffer contergiien by {Si}‘L—/o where the energy buffer is in staf when the

by: stored energy is equal 9. With the adopted discrete battery
g(z) =a [1 — e*bﬂ , 0<z< PTm; model, the amount of harvested energy can only be one of
9(x) = ga(x) = ce b7, x> %_ , (1) the discrete energy levels. Equivalently, the Markov ctveilh

move to stateS; if the accumulated energy (stored energy

wherea, b andc are positive constants with: plus harvested energy minus transmitted energy) falls é th

P - 2 [eb%m _ 1} ’ (12) interval[e;, ¢;1[. In what follows, we fixE £ E(P,,) and
Py, Py, E' 2 E(P,,/2) in (8) for the sake of notational simplicity.

while b satisfies the following relation: 2) Transition Probabilities: In what follows, we denote by
1 p;,; the transition probability of going from statg; to state

+oo
— = / fe(t)e’dt.  (13) S;. The following cases will be considered for evaluating the
(1 — psp) + pspe™ " 0 (L' +1)? transition probabilities.

In (13), fe(z) corresponds to the pdf of the harvested Casel:ii€ {0,...,L—1}.Inthis case, the energy stored

energy in (6) that can be accurate|y approximated by in the buffer falls belO\/\f‘T—;—m and, Consequently, R cannot relay
the message to D. Following from (8), R will enter the EH
1 T mode where its residual energy cannot decrease. Therefore:
folay = — M0y, >0, (14) 24

w(z)+1 \wv(2)) P =0 j=0,....i—1. (16)



On the other hand, fof =4, ..., L'—1, the chain will move  From (16)-(23), it can be easily verified th@gﬁo pi; =1
from stateS; to stateS; if the sum of stored and harvestedor i = 0,..., L’. Finally, for a fine discretization < 1),
energies falls ine; €;1[: probabilities of the formFg ((6 +1)A) — Fr(dA) tend to the
value A fr(0A). The same holds iF is replaced byE’.

ST o o , 3) Steady-State Distribution and Outage Probability: From
=Fp(((—i+1)A) = Fp((G—9A) ; j=4..L' =1, the transition probabilities, we construct the +1) x (L' +1)
state transition matri whose(j,4)-th element is equal to
where Fg(-) is the cumulative distribution function (cdf)p:,;- The steady-state distribution vectercan be determined

Pij = Pr(Ej <e+E< €j+1)

associated with the pdfz(-) in (14). form P as follows [10]:
Finally, a transition to stateS;, will occur if the sum of .
stored and harvested energies excegds m=(P-I+B) b, (24)

pij=Plei+E>er)=1-Fg((L'=i)A) ; j=L". wherelis the (L' + 1) x (L' + 1) identity matrix, B is the
(18) (L'+1) x (L' + 1) matrix whose elements are all equal to 1
Case 2:i € {L,...,L'} andj < i. In this case, R has andb stands for any column @8. In (24),7 = [0, ..., 71/]"
enough stored energy for information transmission. Sihee twhere7; stands for the probability that the energy buffer is
stored energy dropped K i), then it's not possible that R is in stateS; at steady-state.
in the pure EH mode. Therefore, in this case, R has definitelyThe steady-state distribution is useful for evaluating the

entered the information relaying (IR) mode which can happgjutage probability in (9). In fact, the probability ([ < =)
only if the S-D link is in outage. Since R consumes an energy pe calculated as: @ < PTm) _ Z-L:ol .

Of, PTm - ,LA = €L .f_or IR, then this energy consum!otlon Despite the high level of accuracy that can be achieved by
will result in a transition from states; to stateS;— while o giscretization approach for a large number of states and
the harvested energy’ cannot but increase the stored energy, )| giscretization interval-siza, the main limitation of this
Therefore: method resides in the fact that it is very hard to evaluate the
pij=0; j=0,...,i—L—1. (19) steady-state distribution in (24) in closed-form. In fafty
L' > 1, the state transition matri® has a large number of
On the other hand, fof =i —L,...,i—1, stateS; can be dimensions and the inversion of the matix— I + B does
reached from stats; with the following probability: not relate the steady-state probabilitigs} to the transition
i = psoPr(e; < e+ E —ep < ¢j41) probapilities{pi7j_} in a simple and intuitive manner. This is
i _ o especially true since (17), (18), (21), (22) and (23) shoat th
=pso[Fp ((J+1 =i+ L)A) = Fpr ((j =i+ L)A)] fom each states;, the Markov chain can evolve to any other
i j=1—L,...;i—1, (20) subsequent stat§; (for j > i) with a non-zero probability.
where Fiz: () stands for the cdf of’ with Fy: (x) — Fg(22) Similarly, (16), (19) and (20)'sh0\'/v that each stétds linked
as highlighted in Appendix A. to L previous statesS; (for j < i) where L assumes large

Case3:ic {L,...,L' —1} andj > i. In this case, since \I/ijlnlues if the interval-size\ is to be kept small (sinc&\ =
the stored energy increased, then one of the two foIIowinE)'

scenarios can hold given that R has enough energy for IR. (i):
R is in the EH mode which arises if the S-D link is not i
outage. (ii): R is in the IR mode and it had harvested mo
energy than it had expended for information transmissiba (t
S-D link is in outage in this case). Therefore, for: L In order to overcome the aforementioned limitation related
to the excessively large number of possible transitionséen

the states of the discrete Markov chain, we next resort to a

. Limiting Distribution of the Energy Buffer: Approximate
Discrete Approach

pij = (1 —psp)Pr(e; <€ + E < €jy1)

+psoPr(e; <€+ E' —ep < ¢jp1) simplified approach that yields a tractable closed-fornrapp
=(1—psp) [Fe((j—i+1)A) = Fr((j —i)A)] imate solution.
+psp[Fe ((5+1—i+ L)A) = Fr/ ((j —i+ L)A)] Observationl: It can be observed that the variance of the
C i I optical harvested energy in (6) is very small. This follows
’ .]_Za"'vL L. (21) . . . .
mainly from the presence of the logarithmic function andfro
Similarly, for j = L": the fact thatl, assumes very small values. This observation

pis = (1—psp)PHes + E > 1) +psoPr(ei+E' — e > e1) will be fu_rther elaborated qn in Section IV. -
S Following from observation 1, the performance analysis in
= (I =pso) [1 = Fr (L' = )A)] this section will be based on the assumption that the hagest
+psp[l — Fer (L' =i+ L)A)] 5 j=1L" (22) energy is almost constant and, hence, can be approximated
by the corresponding average value. Therefore, in (8), we
Set B(P,) ~ E[E(P,)] = [, 2fp(z)dz where the pdf
fe(xz) is given in (14). Similarly, we takeE(P,,/2) =~
pr,r = (1 —psp) + psp [l — Frr (LA)]. (23) E[E(Pn/2)] = ;;LOO 2z fr(22)dz following from Appendix

Case 4: i = j = L. This case is similar to case 3. Settin
1= L’ in (22) results in:



Fig. 3. The approximate discrete Markov chain based on vaten 1.

A. Moreover, without any loss of generality, we select the The probabilities in (31) are useful for evaluating the syrst
energy step-sizé of the discrete Markov chain as follows: outage probability in closed-form. In fact, the probalilihat

P2 the energy buffer contains a sufficient amount of energy for
A= mT = E[E(Pn)]- (25) data relaying can be determined from (31) as follows:
Following from (25), the buffer evolution equation in (8) _ = o Q§|3L = i _ 1
results in the following transition probabilities that debe PIB 2 P /2) = gm o1& 50 = hep(v + 1)
the behaviour of the approximate discrete Markov chain: . . (32)
1 =41 Replacing (32) in (9) shows that the system outage proba-
, J=i+L .
Pij = { 0, otherwise. ’ 1< L, bility can be evaluated as follows:
L=psp, j=i+1; Pout = psp — L [1 — psrl [1 — pro] , (33)
Dij = § DPsD j=i—v, ,i1>1L, (26) vtl
0, otherwise. where the parameter captures the performance dependance

on the average amounts of transmitted and harvested esergie
according to (27).

Equation (33) clearly highlights a reduction in the outage
probability compared to noncooperative point-to-pointneo
munications (along the S-D link). Note thatdecreases as the
amount of harvested energy increases resulting in a dexreas
in the value ofP,; following from (33).

wherew is the constant positive rounded integer given by:

_ Pm/z_E[E(Pm/Q)] . Pm/z_E[E(Pm/2)] (27)
CTUEBEE)T A |

In fact, in (26), when < L (and, henceg; < PT’“), Risin
the EH mode and its stored energy will increase b (,,)].
Following from the normalization in (25), this increaseus
in a definite transition (with probability 1) from stat to state
Sit1. On the other hand, when> L, R enters the EH mode
when the S-D link is not in outage (with probability— psp)
which will also move the chain from stat to the subsequent
stateS; ;. For this range of values of the outage of the S-D
link (with probability psp) will make R enter the IR mode and
hence, its stored energy will decrease%y — E[E(P,,/2)]
which will move the chain to stat§;_, wherewv is defined in
(27). The corresponding approximate discrete-space Mar
chain is depicted in Fig. 3.

_3 o 4 .
From (26) and Fig. 3, the steady-state balance equations 85910 . A and_a transmission bandwidth of 1 GHz (which bpth
be written as- constitute typical values for FSO systems [26]), resultain

noise power spectral density of -140 dBm/MHz. Finally, we

IV. NUMERICAL RESULTS
The simulation parameters are summarized in Table I.

In particular, we consider the cases of “clear air”, “haze”,
"moderate rain” and "light fog” weather conditions thatedt

the attenuation levels and turbulence-induced losseghéur
'details on the simulation parameters can be found in [5],
[21], [26]. In all presented simulation scenarios, theatises
iJs)etween the nodes are selected to satisfy the reldtionis =

1. Regarding the noise, considering a noise standard dewiati

m =0 : i=0,...,L—v—1 (28) assume the same pointing error conditions along all links.

Ti = mi_1 + pspmit =L I (29) Results in Fig. 4 show a perfect match between the exact
T R Y df and the approximate analytical expression provided

T = qspTi—1 + PsdTitv ; @ > L, (30) P bp Y P P ya

under different weather conditions for a link distance 0050

wheregsp 2 1 — psp. m with w./a = 10. Therefore, the approximation made in
Proposition2: For sufficiently large values of, solving APpendix A induces no loss in the accuracy. Results also

equations (28), (29) and (30) results in the following valudlighlight on the small levels of harvested energy espsciall

of the steady-state probabilitigsr; ; i > L}: under unfavourable weather conditions. Under “clear ari-c
ditions, the standard deviation of the harvested energgusle
= LQQBL c > L, (31) to12.8 mJ. Under “haze” and “moderate rain” conditions, the
v+1 standard deviation drops to 5.5 mJ and 3.4 mJ, respectively.
where, from (27), large values of arise when the harvestedUnder “light fog” conditions, the standard deviation asssm
energy is much smaller than the transmitted energy. the smallest value of 1.1 mJ. The observed small values of the

Proof: The proof is provided in Appendix B. B standard deviation of the harvested energy support olig@nva



TABLE |
THE SIMULATION PARAMETERS

FSO parameters

Operating Wavelength\] 1550 nm
Receiver Responsivityn] 0.5 A/IW
Transmission Bandwidth 1 GHz
Peak Transmitted PowePy,) 100 mW
Noise standard deviatiorr) 1077 A
Receiving Area §,.) 0.05 nt
Beam Angle §,) 10 mrad
Normalized pointing error
displacement standard deviation, {a) 3
| EH parameters
Fill factor (f) 0.75
Dark saturation currentl¢) 1077 A
Thermal voltage ¥z) 25 mV
| Weather-dependent parameters |
Weather Condition Attenuation coefficientd,) | Refractive-index structure parametei=()
Clear air 0.43 dB/km 5x 1071 m™2/3
Haze 4.2 dB/km 1.7x 1071 m=2/3
Moderate Rain (12.5 mm/hr) 11 dB/km 5% 1071 m™2/3
Light Fog 20 dB/km 3x 107 m%/3
500 T 20 T
Exact pdf —(dz,d3)=(1.25,0.75) km, Exact
450 = = Approximate pdf| | 18 + (d,,d;)=(1.25,0.75) km, Analytical | |
400 - 16 (d,,d;)=(1,1) km, Exact
350 /7 1l % (d,dy)=(1,1) km, Analytical
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Fig. 4. PDF of the harvested energy for a link distance of 500ith w. /a =
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Fig. 5. Limiting pdf of the energy buffer content under “alear” conditions

10 under different weather conditions. The solid and dashesslcorrespond for Ry, = 4 bits/s/Hz withw. /a = 25. Theanalytical expression of the pdf
to the exact pdf and approximate pdf (provided in (14)), eetipely. is provided in (11).

1 and motivate the calculation methodology presented wvill tend to smaller stored energy levels in case 1 since thRe S
Section 1lI-D. The standard deviation will further decreas link is longer resulting in smaller amounts of harvestedgne
the distance increases. This is validated by the decrease of the value of the paramete
In Fig. 5, we investigate the energy buffer content undérfrom 0.144 mW~! in case 1 t00.085 mW~! in case 2 in
“clear air” conditions for a threshold rate &f;, = 4 bits/s/Hz coherence with (13). Finally, it is worth highlighting ththte
with w,/a = 25. In particular, we compare the exact pdf ofimiting distribution exists in both cases since the lediald-
the energy buffer content with the analytical result dedii@ side and right-hand-side of the inequality in (10) are edqoal
(11)-(13) for the two caseéds,ds) = (1.25,0.75) km and (2.3,21.6) mW and(3.9,21.6) mW for case 1 and case 2,
(da,d3) = (1,1) km. Results demonstrate the close matciespectively.
between the exact and analytical results, thus, validatieg Fig. 6 shows the outage performance as a function of the
suggested exponential model of the energy buffer disiohut target threshold rat&,;;, under “moderate rain” conditions for
under gamma-gamma scintillation and pointing errors. As./a = 10 considering the two scenari¢g,, d;) = (0.3,0.7)
highlighted in (11), the limit between the increasing and dé&m and(d», ds) = (0.35,0.65) km. As a benchmark, we also
creasing regions of the pdf occurs%%—:SO mW. Comparing show the performance of the 1-km direct S-D communications
the two considered cases shows that the energy buffer dontsith no cooperation and that of the cooperative network with
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Fig. 6. Outage performance under “moderate rain” conditior w./a = Fig. 7. Impact of the relay position on the performance untieze”

10. Scenario-1 corresponds {@l2,ds) = (0.3,0.7) km while scenario-2 conditions ford; = 1.6 km andw./a = 25. The solid and dashed lines
corresponds tddsz, dz) = (0.35,0.65) km. The theoretical results are basedcorrespond to EH relay and self-powered (SP) relay, relspéct
on (9) and (15).

a tradeoff must be made on the value &f As shown in

a self-powered relay that is connected to a power supphig. 7, the optimal relay position shifts more towards S as
Results show the perfect match between the simulationtsesut,;, increases since, in this casesp increases and R is in
and the theoretical results obtained from (9) where theggnetthe IR mode more often thus draining the energy buffer at a
outage probability Ri3 < P,,/2) was derived according to faster pace. In order to compensate for this effect, R needs
(15) based on the continuous approach. Results show thattiiée placed closer to S to increase the amount of harvested
considered relaying scheme with an EH relay outperforredergy. For example, faR,;, = 1 bits/s/Hz, Py is minimized
noncooperative systems for all values Bf;. For example, for d; = 0.7 km while this value decreases to 0.5 km for
at a rate of 2 bits/s/Hz, the cooperative solution through &), = 2 bits/s/Hz.
EH relay reduces the outage probability fradnx 107" to  Fig. 8 compares the different approaches for studying the
2 x 103 in scenario-1. Moreover, for relatively small valuesgyffer dynamics under “clear air’ conditions for the two
of Ry, the outage probability with an EH relay approache@asesd2 = d; = 1 km andd, = d3 = 1.2 km with
the outage probability with a self-powered relay. In fadhew ,_/; — oo (i.e. negligible pointing errors). In particular,
Ry, is small, psp is small as well implying that R can harvestye compare the continuous approach, exact discrete agproac
a sufficient amount of energy since R is in the pure EH moggd approximate discrete approach presented in sectieBs |1
with probability 1 — psp. For scenario-1, results show that thg||.c and 11I-D, respectively. For the latter approach, we
inequality in (10) does not hold faR;, < 2.5. Consequently, approximate the transition probabilities in (16)-(23) et
in this case, the performance is the same with an EH fe'aléproximate values in (26) while using the expression in
or self-powered relay since the stored energy will excéed (24) for deriving the steady-state distribution. Accomito
with a probability tending to 1 as highlighted in Sectionl  opservation 1, the approximate discrete approach is esgect
For Ry, > 2.5, using only the energy harvested from S fof yield accurate results in the two simulation setups sthee
relaying the information to D will incur a performance losstandard deviation of the harvested energy is equaltonW
compared to the case where R is connected to a power sUpghe3.8 mw in case 1 and case 2, respectively. In addition to
For scenario-2, results show that the inequality in (10Hbolthe above three approaches, in Fig. 8 we also plot the closed-
for all values ofR;, exceeding 2. In this case, the higher lossggrm expression provided in (33). The parametemn (27)
along the longer S-R link result in lower levels of harvestegssumes the values aof = 8 andv = 13 for case 1 and
energy thus avoiding the saturation of the energy buffer.at Ease 2, respectively, where these values are large enough fo

Fig. 7 highlights the impact of the relay position on th@roposition 2 to hold. Therefore, (33) is also expected &bdyi
outage performance under “haze” conditions far = 1.6 accurate results. Finally, for the discrete Markov chaia,fix
km, Ry, € {1,2,3} bits/s/Hz andw./a = 25. For a self- the total number of states tb’ = 5000 for both the exact
powered relay, placing the relay at the center betweena8d approximate approaches. Results in Fig. 8 show that the
and D (i.e.da = d3 = 0.8 km) minimizes Po,t. On the Markov state space discretization yields satisfactoryltes
other hand, for an EH relay, moving R closer to S resultshose accuracy enhances &g, increases. Moreover, the
in two contradictory effects. On one hand, this will boost thgap between the exact and approximate discrete approaches
energy harvesting at R thus reducing the probability of gneris negligible thus supporting the calculation methodology
outage (the term PB < P,,/2) in (9)) while the discrepancy presented in Section 1lI-D. Finally, results demonstrdte t
between the values ofl; and ds will increase the term importance of the simple and closed-form expression in (33)
Psr + PrRD — PsrPRD ~ max{psr, pro} N (9). Consequently, for predicting the system performance through the paramete
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Fig. 8. The different calculation methodologies under dclair” conditions Fig. 9. Impact of the transmit peak power on the performanugen “light
for w./a — oo. The solid and dashed lines correspond to the cdsess fog” conditions ford> = 0.4 km andds = 0.3 km with w./a = 10. The
d3 = 1 km anddy = d3 = 1.2 km, respectively. Thelosed-form expression  closed-form expression (CF) corresponds to (33).

corresponds to (33).

E = phIn (&) without any loss of accuracy. Lét = In (£),
that depends on the transmitted energy as well as the avergggé £ = ,wn'e”’. ConsequentlyF(z) = PHE < z) =

vall_Jes of the harvested energy. In this context, it is wor‘brgh/ehf <2 ) =pr(n <w (<)) since the Lambert W-
noting that the exact and approximate discrete approache my m

yield accurate results whether (10) holds or not while (3 fiction W (z) is thi mversg funct|_on_ Ok, Corlsequently,
holds for stable energy buffers. w(r) = Fu (W (ﬁ ) Differentiating both sides of this

While the peak power?,, was fixed to 100 mW in all €quation while invoking the differentiation property ofeth
previous figures, Fig. 9 highlights on the impact Bf, on Lambert W-function results in:

the outage performance under “light fog” conditions fior= W (L)
0.4 km andd; = 0.3 km with w./a = 10. Results show fe(z) = S/ —— (W (i)) ) (34)
a rapid decrease in the outage probability s increases [W (ﬁ) + 1} x Ky

especially for small values ak;,. As in Fig. 8, results in Fig.

9 highlight on the accuracy of the closed-form expression in On the other handk), (x) = Pr(h’ < x) = Pr(h < ve”) =
(33) in predicting the system performance. Fj,(ve®). Differentiating both sides of this equation results in:

fu (@) = ve* fr(ve®), (35)

where f;,(-) stands for the pdf of the random varialegiven

We proposed a novel relaying scheme for DF HSU FSQ (3) ith ; = 1. Finally, substituting (35) in (34) results in the
cooperative communications with a single relay. An andf provided in (14) following from the relatioh (z)e" (*) =
lytical framework was presented for evaluating the system

performance in both an exact manner as well as in a SimpleSettingB(z‘+1) = X andB(i) = U, then (8) can be written
approximate closed-form manner. Results show that whgg.
sufficient amounts of energy are harvested, the considered
scheme achieves the same outage probability as with self = { U+E otherwise ,
powered relays. For smaller amounts of harvested energy, th ’ ' (36)

proposed scheme always shows an improvement compareqlﬁzéreM 2 p./2, E 2 E(P,) and E' 2 E(P,/2) for

point-to-point noncooperative communications. The _'mﬁacsimplicity. From (6)-(7), it can be observed th&t can be
of the weather conditions, link distances and transmit powg}bﬁ

) . . tained fromE by replacing the scintillation coefficierit
were delineated and conclusions were made pertaining to 1/2 (while keeping the same value ). Consequently.

optimal placement of the EH-relay. For(z) = Fp(2) and for (z) = 2fu(22).
From (36), the cdf ofX can be obtained as:

V. CONCLUSION

U+ FE — M, S-Dlinkin outage & U > M;

APPENDIXA
The cdf and pdf of the random variah® will be denoted ~ Pr(X <) =Pr(U + E'~M < z,U > M, SD in outagg
by Fx(-) and fx(-), respectively. We first start by deriving =P
the pdf of the harvested energy in (6). Equations (6)-(7) can +Pr({U+E<az,U< M)

be written ask = phln (1 + %) where the constants andv
are defined in proposition 1 while = ho for simplicity. The 2 .

dark saturation curreni, in (6) is typically very small (in +PrU+E<2,U>M,SD notin outage. (37)
the order of nA) [5] implying thate can be approximated by Ps




The pdf and cdf of will be denoted byg(u) and G(u),

respectively, with:
u),Gi(u)), 0<u< M,
O e R A

Through direct calculations?; can be determined from:

(38)

M4z
PlszD/ Fri(x —u+ M)ga(u)du
M

M4z
= PSD/ Fp(2z —u+ M)ga(u)du,  (39)

M

where, from (38), the pdf of/ was replaced by (u) since
U > M. Similarly:
min{xz,M}
P = /0 Fg(x —u)gr (u)du, (40)

where, from (38), the pdf o/ was replaced by (u) since
U < M. Finally:

* 71 (1 - psp) f]\z Fg(x —u)ga(u)du, x> M. 1)
When the energy buffer reaches its steady-stéte;) =

fu() = g(-) and Fx () = Fy(-) —
to the limiting distribution. Therefore, at steady-statensid-

G(-) which corresponds

12

wherepsp £ 1 — psp. By numerically observing the exponen-
tial charging and discharging of the energy buffer, we plagtu

a solution for (46) under the formy (z) = a[l — e~**] (expo-
nential charging) angs () = ce~** (exponential discharging)
as highlighted in (11). We then prove that the suggested
solution satisfies all buffer dynamics equations and, hence
constitutes the valid steady-state distribution we aréinge
Replacingg: () and g2(z) in (46) results in:

—a+(a+ce =
x—M x—M
- a/ fe()dt + (a + pspe) e / fe(t)e’dt. (47)

Equation (47) holds for all values af In partlcular for suf-
ficiently large values of:, [ fu(t)dt — [7°° fu(t)dt =
1 since fg(t) is a pdf. Consequently for large values of
(47) implies that:

+oo
(a+c)e ™ = (a + pspc) e b* / fe(t)ebdt,  (48)
0
implying that:

a—+c
a + pspc

+oo
= / fe(t)ebdt. (49)
0

ering the cases < M andz > M separately, (37) can be The two remaining equations needed to solvedpb and

written as:

Gi(x) = /OZE Fr(z —u)g1 (u)du
M+x
+pSDA{ FE(2$—U+M)QQ(U)CIU, (42)

x) = /OM Fg(x — u)gl(u)du

+ (1 —psp) FE(ZU — u)g2(u)du

M

M+x
+pSD/ Fr(2x —u+ M)ga(u)du.
M

Differentiating (42) and (43) with respect toresults in:

= [ sele = wg (s
0

(43)

M+x
+ 2psp /M fEQx —u+ M)ga(u)du, (44)
M
g2(z) = fe(z —u)g(u)du
O T
+(1=ps0) [ fola =~ u)galu)du
Mie
+ 2psp /M fE(2r —u+ M)ga(u)du, (45)

c follow from the foIIowmg condmons (|)g( ) is a pdf im-

plying thatf r)dr = fO gi(x)dz + [ go(a)dz = 1.
(ii): The contmwty of the pdf at the point = M results in

g1(M) = go(M). After simplification, the obtained equations
result in:
1
a|M— - +a+ce*bM:1, (50)
b b
—bM a
=—. 51
‘ a+c (51)
1 2
Replacinga + ¢ by ae?™ in (50) results ina = §; =

as provided in (12). Replacing this value @fin (51) results
in ¢ = a[e"™ — 1] as provided in (12). Finally, replacing
and ¢ by their values in (49) results in (13).

APPENDIXB

We first consider the firstv equations in (29) fori =
L —w,...,L — 1. Replacing the value of; in the (i + 1)-th
equation shows that thegseequations can be written under
the following more convenient form:

TL—(v—j) :pSDZﬂ'LJrk ;7 J=0,...,0—1. (52)

k=0
Next, we consider thév+1)-th equation in (29) (foi = L)

that can be written ast; = 71 + psprr1.. Replacing the

where the pdffz(x) of the harvested energy is given in (14)value ofr;,_; from (52) (for j = v — 1) in the last equation

Subtracting (44) from (45):
M
92(2) —gu(x) = [ fe(z —u)[g1(u)

x—M
- / Fot) g1 (e — 1) — psoga(a — ) dt,
’ (46)

— pspgz(u)] du

results in:
v—1 v
T = Psb Z TL+k + PSDTL+v = PSD Z TL+k- (53)
k=0 k=0
Solving (53) formy, results in:
T, = Psp [Tre1+ -+ Togol- (54)

qsD



The recursive replacement of (54) in (30) shows that thes)
last set of equations results in:

;= Psb i”iﬂ ;1> L. (55) .
D =
We suggest a solution for (55) under the form: [7]
= aqéD ;1> L, (56)

(8]
and next we prove that this solution holdsifs large enough.

In (56), o denotes a proportionality constant. Replacing (56jg
in (55):

v—1 [10]
Oéqso = QZ)—qso Z qso = apSDqso Z qso (57)
Jj=1 J=0 [11]
The summation in (57) corresponds to a geometnc series
that can be solved gs;;_ oG = } ZSD that tends tom =
E if v > 1 so thatg¥y — 0 sincegsp < 1. Replacing the
last summation by— in (57) results inagsy = agip which
is true. Consequently, the proposed solution in (56) isemrr [13]
for v > 1.
Finally, the value of the constantin (56) can be obtained
by solving the equatlorEl o m = 1. This equation can be
written as:

[12]

[14]

L—v—1 [15]
Z T + Z m—l—Zm—l (58)
i=0 i=L—v [16]
£s, 2s, 48,3
o0 7 L
Form (28),81 = 0. From (56), % = 17 g = &0 (17]
through direct calculations. From (52):
v—1 jJ
(18]
Sy=psp > > Tk
=0 k=0
= psp [WL + =D+ + 7TL+v—l] [19]
= psoz (v —i)Tpqs = apsonoZ i)gsp,  (59)

[20]
where the second equality in (59) follows from (56). The last
summation in (59) can be solved through direct calculations

resulting inSs = apspgdp { 4o | Replacing the values [21]

pso pEp]”
of 81, S, and S3 in (58) and solvl’ng fora results in:a =
ﬂ Finally, replacinga by its value in (56) results in [22]

the solution given in (31).
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