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Abstract—In this paper, we consider a three-node free space
optical (FSO) cooperative network with an energy harvesting
(EH) decode-and-forward (DF) relay. The relay is equipped with
an energy buffer and implements the harvest-store-use (HSU)
architecture where the harvested energy is accumulated and
used for forwarding the information from the source node to
the destination node. We propose a novel HSU-based relaying
strategy based on the simultaneous lightwave information and
power transfer (SLIPT) concept where the relay harvests energy
from the optical signal transmitted by the source. Firstly, we
analyze the performance of the considered system by modeling
the energy buffer as a continuous-space Markov chain (MC)
for the sake of deriving the limiting distribution of the stored
energy. Secondly, we discretize the state space and use the
resulting discrete-space MC to derive the steady-state distribution
of the buffer content. Thirdly, we propose an approximate
discrete-space MC for capturing the energy buffer dynamics
in a simple manner. The third approach is useful for relating
the outage probability to the channel coefficients and average
amounts of harvested energy in a simple closed-form manner.
Simulation results validate the presented analytical evaluation
and demonstrate the performance improvement that is achieved
by the proposed scheme.

Index Terms—Free space optics, relaying, energy harvesting,
dual-hop, cooperation, Markov chain, outage analysis.

I. I NTRODUCTION

Relaying plays a vital role in enhancing the throughput,
boosting the reliability, improving the diversity gains and
extending the coverage of wireless networks whether in the
context of radio frequency (RF) or free space optical (FSO)
cooperative communications. Conventionally, relays are as-
sumed to be battery-powered and, consequently, are readily
available for assisting a source node (S) in its communications
with a destination node (D) [1]. Recently, there has been
a surge of interest in relays that are powered by energy
harvesting (EH) as a means of prolonging the lifetime of
energy-constrained networks [2]. Cooperative solutions have
been included in recent wireless standards and their impor-
tance has been outlined in the imminent 5G networks with
an extended field of applications including dense networking,
Device-to-Device (D2D) communications, Vehicle-to-Vehicle
(V2V) communications and Internet-of-Things (IoT) [3]. Due
to the exponentially increasing number of deployed wireless
devices, 5G must ensure energy efficiency in addition to
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guaranteeing high-speed reliable communications at low cost.
As such, the main motivation behind EH and relaying is
to provide energy efficiency and spectral efficiency for next
generation wireless networks [3]. Energy can be harvested
from the ambient RF and optical signals, through the well
studied simultaneous wireless information and power transfer
(SWIPT) technique [4] and through the emerging simultaneous
lightwave information and power transfer (SLIPT) method [5].
The SWIPT and SLIPT solutions exploit the capability of
RF and optical signals, respectively, to simultaneously carry
energy and information.

In RF networks, the vast majority of the recent EH schemes
are based on the harvest-store-use (HSU) architecture [6]–
[14]. For this architecture, the harvested energy is storedin an
energy storage device, also referred to as energy buffer (such
as a rechargeable battery or super-capacitor), and subsequently
used for information transmission. Point-to-point (P2P) wire-
less powered communications were studied in [6], [7] where
the RF energy harvested in the downlink is accumulated and
used for transmitting the information along the uplink in a
frequency division setup. The main difference between [6]
and [7] resides in the manner in which the energy buffer
is operated when the stored energy is less than the required
transmit energy. In this case, the mobile node refrains from
transmission in [6] while it transmits with whatever available
energy in [7]. Three-node cooperative RF networks comprising
a single EH-relay (R) were considered in [8], [9]. Incremental
and non-incremental relaying were studied in [8] assuming
a constant transmit power and an infinite-size energy buffer.
Unlike non-incremental relaying, the signal might not be
transmitted along the indirect S-R-D link with incremental
relaying if the quality-of-service (QoS) is met along the direct
S-D link. Decode-and-forward (DF) relaying with a maximal
ratio combining (MRC) receiver was examined in [9] with a
finite-size buffer with either fixed or variable transmit power
from the relay. The performance analysis in [6]–[9] was based
on studying the energy storage process by modeling the single
energy buffer as a discrete-time continuous-space Markov
chain. In this context, the limiting distribution of the stored
energy was derived for Rayleigh fading environments that
entail a tractable exponential distribution on the incoming
harvested energy. In fact, for RF signals, the harvested energy
is proportional to the squared magnitude of the channel
coefficient.

Three-node RF DF networks were also studied in [10] with
a greedy switching policy where R transmits a variable power
level that is sufficient for ensuring data decodability at D.The
single-relay scheme in [10] was further extended to multi-
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relay setups in [11], [12] where relay selection strategieswere
investigated based on partitioning the relays into two subsets.
Relays in the first subset switch to the EH mode while relays in
the second subset cooperate for forwarding the message to D
based on a distributed beamforming scheme. In [11], [12], the
decodability subset comprises the relays that were capableof
decoding S’s signal and that have enough stored energy. Unlike
[6]–[9] that derived the continuous probability density function
(pdf) of the continuous-space Markov chain, the performance
analysis in [10]–[12] was based on discretizing the state
space and deriving the discrete steady-state distributionof the
discrete-space Markov chain. This calculation methodology
was also adopted in [13] for studying amplify-and-forward
(AF) relay selection with finite-size energy buffers and in
[14] for tackling the physical layer security in two-hop RF
networks. While the continuous approach ensures exact results,
the discrete approach yields approximate results with a high
level of accuracy if a large number of states is considered [10].
However, the continuous approach might not be culminated
by closed-form expressions of the pdf especially for involved
EH models and/or relaying protocols [8], [9]. Finally, for the
discrete approach, it is hard to derive the steady-state distribu-
tion in closed-form if, for the sake of accuracy, discretization
is performed over a large number of energy levels [10].

While EH from the RF signals for wireless powered cooper-
ative communications has been well investigated over the last
decade [2], there has been a recent growing interest in EH from
light signals in the context of indoor visible-light communi-
cations (VLC) and outdoor FSO infrared communications [5].
This EH from the optical signals can be realized through ded-
icated optical wireless power transfer solutions [15], [16] or
through the emerging SLIPT technique [5]. In [15], a dedicated
unmodulated ground-based laser was used to deliver optical
energy to charge an unmanned aerial vehicle (UAV) in flight.
A similar application was outlined in [16] in the context of
P2P communications where a FSO transmitter with permanent
power supply communicates with a receiver with no power
supply. Unlike [15], [16], the SLIPT strategy revolves around
the simultaneous information transmission and power transfer.
In fact, optical signals comprise a DC component that limits
the modulation to the linear output-versus-input region ofthe
optical source as well as an information-carrying alternating
current (AC) component. The SLIPT concept revolves around
solar panel based receivers where the DC and AC components
of the received optical signal are separated and used for
EH and information decoding, respectively. SLIPT-based P2P
communications for amplitude modulated indoor VLC systems
and pulse position modulated outdoor FSO systems were
analyzed in [5], [17] and [18], respectively. Additionally, in the
context of P2P communications, collaborative RF/VLC net-
works were considered in [19] where the optical transceivers
implement the SLIPT strategy while a RF access point delivers
complementary RF wireless power transfer. FSO EH was also
considered in [20] with mixed FSO/RF communications where
a ground base station delivers information and power to a UAV
based on the SLIPT concept while the UAV communicates
with a number of ground users over orthogonal RF channels.
In [20], an optimization problem was formulated and solved

with the objective of maximizing the bit rate delivered to the
worst ground user.

Despite the extensive literature on RF cooperative commu-
nications with HSU EH relays [6]–[14], to the authors’ best
knowledge, the use of relays possessing EH and energy storage
capabilities was never considered before in FSO networks. In
fact, the use of relays was not considered in [5], [15]–[19] that
tackled optical EH with P2P noncooperative communications
with a destination that is not equipped with an energy storage
device. Although [20] considered the use of a UAV as a relay
(that receives FSO signals and transmits RF signals), no energy
storing capabilities were considered in this reference as well.
Motivated by the above observations, this work targets FSO
relaying with an EH relay that is equipped with an energy
buffer. The design of such cooperative FSO systems cannot be
readily borrowed from the existing literature on RF relaying
[6]–[14] given the unique particularities that distinguish FSO
systems from their RF counterparts. (i): FSO transmissionsare
based on narrow laser beams and, hence, are highly directive
in nature. This implies that multiple FSO transmissions can
take place simultaneously in the network with no interference
where this feature can be exploited for enhancing the QoS of
the network. Therefore, unlike the RF relaying solutions in
[8]–[14], S can simultaneously communicate different signals
to R and D in FSO networks. (ii): FSO relays operate naturally
in the full-duplex mode. In fact, unlike RF systems where
the same antenna is used for reception and transmission at R,
a FSO relay can simultaneously receive signals at its photo-
detector and transmit signals from its laser. In this context,
all the RF relaying systems in [8]–[14] deploy half-duplex
relays. In addition to adapting the relaying/EH strategy tothe
specificities of the FSO networks, additional challenges arise
in the performance evaluation compared to RF systems. (i):
Unlike RF signals where the harvested energy is proportional
to the transmitted energy, more complicated non-linear EH
models need to be adopted with optical signals [5]. (ii): RF
relaying is widely analyzed over Rayleigh fading channels
with the favorable implication that the harvested energy will
follow the tractable exponential distribution [6]–[9]. InFSO
systems, more complicated channel models must be considered
thus adding to the complexity of the analysis.

The major contributions of this work are as follows:
- Propose a novel DF relaying strategy for single-relay

FSO systems with a HSU EH relay. (i): Unlike the
existing FSO EH networks [5], [15]–[20], we consider
the case where the relay is equipped with an energy
buffer. (ii): Unlike the existing RF EH networks [8]–[14],
the proposed scheme takes into consideration the full-
duplex capabilities at R as well as the high directivity
of the FSO links. (iii): Unlike [6]–[14] that are based on
a linear EH model over Rayleigh channels, we consider
a nonlinear EH model over FSO gamma-gamma fading
channels. (iv): Unlike most prior works [10]–[14], we do
not ignore the S-D link. (v): Unlike [10]–[14] where the
relay switches between the EH and information forward-
ing modes, we consider the possibility of simultaneous
information reception and EH at R based on the SLIPT
technique.
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Fig. 1. Three-node cooperative FSO network.

- We analyze the performance of the proposed scheme by
modeling the energy storage process as a continuous-
space Markov chain in a way that is analogous to [6]–[9].
However, unlike [6]–[9] that hold for an exponentially
distributed EH model, the presented performance analysis
is tailored to the nonlinear EH model over gamma-gamma
channels.

- We also carry out the performance analysis by discretiz-
ing the state space resulting in a discrete-space Markov
chain analysis.

- While the above two calculation methods accurately cap-
ture the performance of the studied system, it is difficult
to draw intuitive insights on the system performance
based on these approaches in coherence with the existing
literature [6]–[14]. As such, an approximate performance
analysis is also provided based on narrowing down the
admissible transitions in the discrete-space Markov chain.
This approach results in simple closed-form expressions
of the buffer content steady-state distribution as well as
the system outage probability.

II. SYSTEM MODEL

A. Basic Parameters and Channel Model

Consider a three-node cooperative FSO network composed
of a source (S), relay (R) and destination (D). Based on the
non-broadcast highly-directive nature of the FSO transmis-
sions, the communication between any pair of nodes takes
place along a dedicated FSO link comprising an optical
transmitter (laser) and an optical receiver (photo-detector)
as highlighted in Fig. 1. Consequently, S is equipped with
two lasers; one directed towards D and the other towards R.
Similarly, D is equipped with two photo-detectors for reception
along the S-D and R-D links while R is equipped with a laser
and a photo-detector.

The three deployed lasers are assumed to operate under a
peak power constraint where the transmitted optical power
cannot exceed a maximum power level denoted byPm (W).
The modulation of the lasers is limited to the linear output-
versus-input operating region where the generated optical
power is proportional to the input driving current. Hence, the
required electrical power is proportional to the square of the

optical power. Similarly, the optical-to-electrical conversion is
limited to the linear region of the photo-detectors. Therefore,
the received electrical current will be proportional to electrical
current driving the transmitting laser.

We consider non-coherent optical communications with
intensity modulation and direct detection (IM/DD). Non-
negativeQ-ary Pulse Amplitude Modulation (PAM) is imple-
mented where theq-th symbol is modulated by pulsing the
laser at the optical powerpq where0 ≤ p1 < · · · < pQ ≤ Pm.
In particular, for the popular On-Off-Keying (OOK) scheme,
Q = 2 with p1 = 0 andpQ = Pm. The S-D, S-R and R-D links
will be denoted by link-1, link-2 and link-3, respectively.From
Fig. 1, thei-th link extends from laser-i to photo-detector-i
that are separated by a distancedi for i = 1, 2, 3. When laser-
i is pulsed at the modulated powerxi ∈ {p1, . . . , pQ}, the
received electrical signal at photo-detector-i can be written as
[1]:

yi = ηh
(0)
i hixi + zi, (1)

where it is assumed that the three photo-detectors have the
same responsivityη (A/W). In (1), zi is the zero-mean real
additive white Gaussian noise (AWGN) at photo-detector-i
with varianceσ2 that is independent of the transmitted signal
[1].

In this work, we adopt a channel model that takes into
account the combined effects of path loss (the termh(0)

i )
as well as atmospheric turbulence-induced scintillation and
misalignment-induced fading caused by pointing errors (com-
bined in the termhi). The path-loss term along link-i is
obtained as [21]:

h
(0)
i =

4Sr

πθ2dd
2
i

e−σadi ; i = 1, 2, 3, (2)

where σa, Sr and θd stand for the attenuation coefficient,
receiving area and diffraction-limited beam angle, respectively,
where it is assumed that all deployed photo-detectors are
identical. The probability density function (pdf) ofhi was
derived in [22] assuming gamma-gamma turbulence and a
Gaussian spatial intensity profile falling on a circular aperture
at the receiver:

fi(h) =
αiβiξ

2
i

AiΓ(αi)Γ(βi)
G3,0

1,3

[
αiβi

Ai
h

∣
∣
∣
∣

ξ2i
ξ2i − 1, αi − 1, βi − 1

]

,

(3)
whereΓ(.) is the Gamma function andGm,n

p,q [.] is the Meijer
G-function. In (3),αi andβi stand for the distance-dependent
parameters of the gamma-gamma distribution:

αi =
[

exp
(

0.49σ2
R(di)/(1+1.11σ

12/5
R (di))

7/6
)

− 1
]−1

βi =
[

exp
(

0.51σ2
R(di)/(1+0.69σ

12/5
R (di))

5/6
)

− 1
]−1

,

where the Rytov variance is given byσ2
R(d) =

1.23C2
nk

7/6d11/6 with k and C2
n denoting the wave

number and refractive index structure parameter, respectively
[21], [22].

In (3), the parametersAi andξi are related to the pointing
errors withAi = [erf(vi)]2 where erf(.) stands for the error
function with vi =

√

π/2(ai/ωz,i) where ai is the radius
of receiver-i and ωz,i is the beam waist along the link-i.
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ξi = ωzeq,i/2σs,i where σs,i stands for the pointing error
displacement standard deviation at receiver-i and ω2

zeq,i =

ω2
z,i

√
πerf(vi)/[2vie−v2

i ] [22].

B. Information Transmission

In [23], a lower bound was derived for the capacity of
non-negative PAM optical communications with an additive
Gaussian noise under a peak power constraint. For such
channels, the capacity is maximized for an average-to-peak
power ratio of1/2: 1

Q

∑Q
q=1 pq = Pm

2 . The bound on the
achievable rate (in bits/s/Hz) is given by:

Ri =
1

2
log2



1 +

(

ηh
(0)
i hiPm/2

σ

)2


 . (4)

For a target threshold rate ofRth, the communication link
will be in outage if the rateRi in (4) falls belowRth: pi ,
Pr(Ri < Rth). Following from (4), the outage probability can
be determined according to the following relation [22], [24]:

pi =
ξ2i

Γ(αi)Γ(βi)
G3,1

2,4

[

αiβiσ
√
22Rth − 1

Aiηh
(0)
i Pm/2

∣
∣
∣
∣
∣

1, ξ2i + 1
ξ2i , αi, βi, 0

]

.

(5)
Based on the above formulation, the target information

rate cannot be met along the S-D, S-R and R-D links with
probabilitiespSD , p1, pSR , p2 andpRD , p3, respectively.

C. Energy Harvesting

S is assumed to have a fixed power supply while R is an
EH node. In this context, R harvests energy from the light
beam emitted by S (i.e. laser-2 in Fig. 1) and accumulates
this energy in an energy buffer. The accumulated energy
at R is then used for information forwarding to D. Such
scenarios are often encountered in real life systems. One prac-
tical application corresponds to sensor networks where some
nodes may be equipped with batteries that are periodically
replaced or charged by the operator while the self-sustaining
sensor nodes must harvest their energy from the surrounding
environment similar to the FSO system model considered in
[16]. In such scenarios, the harvested energy accommodates
for the entire power consumption at the self-sustaining nodes.
Another application corresponds to the case where S and D
are ground stations that are connected to the power grid while
R is a UAV with stringent power consumption constraints
and battery lifetime [18], [20]. For such systems, charging
the UAV’s battery from a power beacon transmitted from a
terrestrial laser charging station can sustain the UAV in its
entire flight duration [25]. In this case, harvesting energyfrom
a 100 mW modulated laser rather than a 10 W power laser
(as in [25]) can increase the flight duration by1%. Given
that in practice a UAV is deployed to simultaneously serve
multiple users in a wavelength division multiplexing (WDM)
manner, then a moderate number of ten users can extend the
flight duration by around10%. Evidently, this number will
be further increasedMN -folds by deployingM ×N optical
arrays. Therefore, under nominal operating scenarios, thetotal

FSO harvested energy can sustain the UAV’s propulsion for a
significant fraction of its flight duration.

For solar panel-based receivers, optical EH can be realized
in a simple and efficient manner by blocking the DC com-
ponent of the received signal and passing it through the EH
branch [5], [17]–[20]. For an average optical power ofPav

transmitted from S to R, the harvested energy at R is given
by [5]:

E(Pav) = fVtIDC(Pav) ln

(

1 +
IDC(Pav)

I0

)

, (6)

wheref , Vt and I0 stand for the photo-detector’s fill factor,
thermal voltage and dark saturation current, respectively. In
(6), IDC(Pav) stands for the DC component of the output
current:

IDC(Pav) = ηh
(0)
2 h2Pav. (7)

As will be highlighted in the next subsection, along the S-R
link, Pav assumes one of the two valuesPav = Pm andPav =
Pm/2. The valuePav = Pm corresponds to the case where S
is transmitting an unmodulated signal with fixed powerPm to
R where this value maximizes the harvested energy. The value
Pav = Pm/2 corresponds to the case where S is transmitting an
information-carrying modulated signal to R where this choice
achieves the capacity in (4). Operating laser-2 in the linear
region implies that the DC component of the current driving
this laser is proportional toPav in both cases. The selection
of Pav is better illustrated in Fig. 2 that shows the flowchart
of the relaying scheme.

The communication-related energy consumption at R com-
prises the energies expended for reception, signal processing
and transmission. We assume that the energy needed for
transmission (i.e. the energy needed to drive laser-3 in Fig. 1)
constitutes the major source of communication-related energy
consumption at R. In what follows, the transmission time will
be normalized to unity and, hence, the terms power and energy
will be used interchangeably throughout this paper.

D. Relaying Protocol

The implemented FSO DF relaying protocol based on the
HSU architecture is as follows:

- S first attempts to transmit the information message
directly to D along the S-D link. During this phase, since
S is connected to a power supply (often the power grid),
it also strives to transfer energy to R along the S-R link.
This can be realized by simultaneously transmitting an
unmodulated signal with the maximum powerPm from
laser-2 directed from S to R as shown in Fig. 1. In this
case, the harvested energy at R isE(Pm) based on (6).

- If the transmission in the first phase along the direct link
was successful (with probability1 − pSD), S proceeds
with the transmission of a new information message.
Otherwise, the S-D link is in outage and S attempts to
communicate the message through R. In this scenario, one
of the two following cases arises. (i): The stored power at
R falls belowPm/2. In this case, R does not have enough
stored power to relay the message to D and, hence,
switches to the EH mode. (ii): The stored energy at R
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Fig. 2. Flowchart of the relaying protocol. MS stands for modulated signal
(Pav = Pm/2) and US stands for unmodulated signal (Pav = Pm).

exceedsPm/2. In this case, S communicates the message
to R by transmitting a modulated signal with an average
power of Pm/2. In its turn, R decodes the message
and consumes a powerPm/2 to forward the message
to D. In this case, optical energy can also be harvested
from the information-carrying signal by feeding the DC
component to the harvesting branch (SLIPT architecture)
resulting in a harvested energy ofE(Pm/2) at R.

The relaying protocol is better described in Fig. 2. It is
worth highlighting that the implementation of the proposed
relaying strategy involves the transmission of a single feedback
bit from R to S only when S attempts to communicate with R
(i.e. the S-D link is in outage). This bit indicates whether
the stored energy level at R exceedsPm/2 or not. In the
first case, S proceeds with the transmission of an information-
carrying signal with average powerPm/2 while, in the second
case, S transmits at the constant power levelPm to achieve
maximum EH at R. In this context, the exchange of this
feedback bit for a fractionpSD of the time involves a marginal
additional power consumption that can be safely neglected.
This is especially true since practical communication systems
often involve exchanging positive/negative acknowledgement
(ACK/NACK) between the communicating nodes.

The implementation of a diversity combining scheme at D
implicates that all information symbols must be transmitted
along both the direct link S-D and the indirect link S-R-D.
While this option is appealing for self-powered relays, it is
not fully viable for EH relays that might not have a sufficient
amount of stored energy to participate in the cooperation
effort. Moreover, the continuous transmission from R will
expend its battery at a faster pace which is not appropriate for
EH relays. These observations motivate the proposed relaying
strategy where, for the sake of energy efficiency that is of
paramount importance in the considered system setup, only
those information symbols that cannot be delivered along the
direct link are relayed from R. Furthermore, this strategy

relaxes the synchronization constraints along the constituent
links and avoids queuing and detection delays at D.

Denote byB(i) the energy level in the energy buffer during
the i-th signaling interval. Based on the implemented relaying
strategy, the evolution of the energy buffer is captured by the
following relation:

B(i+ 1) = B(i)+
{

E
(
Pm

2

)
− Pm

2 , S-D link in outage &B(i) ≥ Pm

2 ;
E(Pm), otherwise.

,

(8)

where, from (5), the S-D link is in outage with probabilitypSD.
In (8), without loss of generality, we assume that the energy
buffer has an infinite size. This assumption is not limiting since
the storage capabilities of modern storage devices are much
higher than the amounts of harvested energy that are typically
small. In fact, it can be observed that the optical wireless
harvested energy in (6) takes very small values especially for
long FSO links or under unclear weather conditions like fog
and rain. This observation will be further discussed in Section
IV.

III. PERFORMANCEANALYSIS

A. Preliminaries

The outage probability of the relaying system with an EH
relay can be written as:

Pout = pSD

[

Pr

(

B <
Pm

2

)

+

Pr

(

B ≥ Pm

2

)

[pSR+ pRD − pSRpRD]

]

, (9)

where the system is in outage if the information message
cannot be delivered neither along the direct link S-D (with
probability pSD) nor and along the indirect link S-R-D. It is
recalled that, R will fail in forwarding the message if either
(i): its energy level falls below the transmission levelPm/2
or (ii): it has enough energy but the link S-R-D is in outage.
Finally, this latter link suffers from outage when either the
S-R or the R-D hops are in outage.

The energy storage process in (8) is a discrete-time Markov
chain over a continuous state space where the energy level
B can assume any positive real value. The objective of
this section is to derive the limiting pdf of the stationary
distribution associated with the process{B(i)}. As highlighted
in [6]–[9], the stationary distribution exists only if the energy
buffer is stable. This stability is attained if the energy departure
rate exceeds the energy arrival rate. In other words, the storage
process in (8) possesses a stationary distribution if:

(1− pSD)E [E(Pm)] + pSDE [E(Pm/2)] ≤ pSD
Pm

2
, (10)

where E[·] stands for the time-average operator. The condition
in (10) avoids the overflow of the buffer (B → ∞). This
condition is derived assuming that there is enough stored
energy in the buffer for transmission (B ≥ Pm

2 ) since,
otherwise, the buffer would contain a small amount of energy
and would not risk energy overflow given the small amounts
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of harvested energy. The quantity to the left-hand-side of (10)
stands to the average amount of harvested energy where with
probability 1 − pSD (resp.pSD) the S-D link is not in outage
(resp. in outage) and, hence, R is harvesting an energy of
E(Pm) (resp.E(Pm/2)). The quantity on the right-hand-side
of (10) stands to the average amount of expended energy
since R is transmitting a power ofPm/2 when the direct
link is in outage (always assuming that the buffer is close
to overflow andB ≥ Pm

2 ). It is clear that the condition in
(10) holds especially for relatively long link distances under
unfavorable weather conditions following from the fact that
the wireless optical harvested energy will be small in such
scenarios. Further discussions on this matter will be provided
in Section IV.

On the other hand, if the stability condition in (10) does
not hold, then after a finite number of time slots the Markov
chain will tend to the absorbing stateB → ∞ (or fully charged
battery). This implies that the transmission power levelPm

2 is
always likely to be available for retransmitting the information
from R [6]–[9]: Pr(B ≥ Pm/2) → 1. In this case, the system
simplifies to a conventional three-node network with a self-
powered relay where, from (9), the corresponding outage
probability is given byPout = pSD [pSR+ pRD − pSRpRD].

B. Limiting Distribution of the Energy Buffer: Continuous
Approach

The optical wireless EH model in (6)-(7) differs substan-
tially from RF EH where the harvested energy is proportional
to the squared magnitude of the channel coefficient [6]–[14].
In this case, for Rayleigh fading channels, the harvested
energy will follow the mathematically tractable exponential
distribution. On the other hand, (6)-(7) highlight a highlynon-
linear dependence on a mathematically challenging gamma-
gamma random variable. As such, the derivations presented
in this section differ substantially from those provided in
[6]–[9] for exponentially distributed RF harvested energy.
Without resorting to discretizing the continuous state space,
the stationary distribution can be determined according tothe
following proposition.

Proposition1: For stable energy buffers, the limiting pdf of
the stationary distribution of the energy buffer content isgiven
by:

g(x) =

{
g1(x) = a

[
1− e−bx

]
, 0 ≤ x < Pm

2 ;
g2(x) = ce−bx, x ≥ Pm

2 .
, (11)

wherea, b andc are positive constants with:

a =
2

Pm
; c =

2

Pm

[

eb
Pm
2 − 1

]

, (12)

while b satisfies the following relation:

1

(1− pSD) + pSDe−bPm
2

=

∫ +∞

0

fE(t)e
btdt. (13)

In (13), fE(x) corresponds to the pdf of the harvested
energy in (6) that can be accurately approximated by:

fE(x) =
1/µ

W
(

x
µν

)

+ 1
f2




x

µW
(

x
µν

)



 ; x ≥ 0, (14)

where, from (6)-(7),µ , fVtηh
(0)
2 Pm and ν , I0

ηh
(0)
2 Pm

.

In (14), W (·) stands for the Lambert W-function whilef2(·)
stands for the pdf in (3).

Proof: The proof is provided in Appendix A.
Based on proposition 1, the outage probability can be

determined from (9) with:

Pr

(

B ≥ Pm

2

)

=

∫ +∞

Pm
2

g2(x)dx =
c

b
e−bPm

2

=
2

bPm

[

1− e−bPm
2

]

= 1− Pr

(

B <
Pm

2

)

,

(15)

following from (11) and (12) where the constantb is given in
(13).

Note that while the solution provided in proposition 1 is
highly accurate, its main limitation resides in the fact that
the integral in (13) cannot be solved analytically given the
complexity of the pdf in (14). Consequently, (13) needs to be
solved numerically. While numerically solving this equation
with one unknown is simple, the numerical method fails
in relating the constantb, and hencePout, to the system
parameters in an intuitive and tractable manner.

C. Limiting Distribution of the Energy Buffer: Exact Discrete
Approach

1) Discretizing the Continuous State Space: In order to
overcome the aforementioned limitation associated with the
intractability of the parameters of the limiting pdf in (11),
we next resort to an exact discrete approach that is based
on discretizing the continuous state space. This approach is
widely adopted in the open literature as it yields accurate
results if the total number of states is sufficiently large [10]–
[14].

The energy interval[0, Pm

2 ] will be discretized intoL+ 1

energy levelsǫi = i∆ for i = 0, . . . , L where∆ , Pm

2L .
The entire energy buffer (over the energy interval[0 ∞[)
will be discretized intoL′ + 1 energy levels{ǫi}L

′

i=0 with
L′ ≫ 1 since an infinite-size energy buffer is considered. As
such, the continuous-space Markov chain will be approximated
by a discrete-space Markov chain overL′ + 1 states denoted
by {Si}L

′

i=0 where the energy buffer is in stateSi when the
stored energy is equal toǫi. With the adopted discrete battery
model, the amount of harvested energy can only be one of
the discrete energy levels. Equivalently, the Markov chainwill
move to stateSj if the accumulated energy (stored energy
plus harvested energy minus transmitted energy) falls in the
interval [ǫj, ǫj+1[. In what follows, we fixE , E(Pm) and
E′ , E(Pm/2) in (8) for the sake of notational simplicity.

2) Transition Probabilities: In what follows, we denote by
pi,j the transition probability of going from stateSi to state
Sj . The following cases will be considered for evaluating the
(L′ + 1)2 transition probabilities.

Case 1: i ∈ {0, . . . , L−1}. In this case, the energy stored
in the buffer falls belowPm

2 and, consequently, R cannot relay
the message to D. Following from (8), R will enter the EH
mode where its residual energy cannot decrease. Therefore:

pi,j = 0 ; j = 0, . . . , i− 1. (16)
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On the other hand, forj = i, . . . , L′−1, the chain will move
from stateSi to stateSj if the sum of stored and harvested
energies falls in[ǫj ǫj+1[:

pi,j = Pr(ǫj ≤ ǫi + E < ǫj+1)

= FE ((j − i+ 1)∆)− FE ((j − i)∆) ; j = i, . . . , L′ − 1,
(17)

where FE(·) is the cumulative distribution function (cdf)
associated with the pdffE(·) in (14).

Finally, a transition to stateSL′ will occur if the sum of
stored and harvested energies exceedsǫL′ :

pi,j = Pr(ǫi + E ≥ ǫL′) = 1− FE ((L′ − i)∆) ; j = L′.
(18)

Case 2: i ∈ {L, . . . , L′} and j < i. In this case, R has
enough stored energy for information transmission. Since the
stored energy dropped (j < i), then it’s not possible that R is
in the pure EH mode. Therefore, in this case, R has definitely
entered the information relaying (IR) mode which can happen
only if the S-D link is in outage. Since R consumes an energy
of Pm

2 = L∆ = ǫL for IR, then this energy consumption
will result in a transition from stateSi to stateSi−L while
the harvested energyE′ cannot but increase the stored energy.
Therefore:

pi,j = 0 ; j = 0, . . . , i− L− 1. (19)

On the other hand, forj = i−L, . . . , i− 1, stateSj can be
reached from stateSi with the following probability:

pi,j = pSDPr(ǫj ≤ ǫi + E′ − ǫL < ǫj+1)

= pSD [FE′ ((j + 1− i+ L)∆)− FE′ ((j − i+ L)∆)]

; j = i− L, . . . , i− 1, (20)

whereFE′(·) stands for the cdf ofE′ with FE′(x) = FE(2x)
as highlighted in Appendix A.

Case 3: i ∈ {L, . . . , L′ − 1} andj ≥ i. In this case, since
the stored energy increased, then one of the two following
scenarios can hold given that R has enough energy for IR. (i):
R is in the EH mode which arises if the S-D link is not in
outage. (ii): R is in the IR mode and it had harvested more
energy than it had expended for information transmission (the
S-D link is in outage in this case). Therefore, forj 6= L′:

pi,j = (1− pSD)Pr(ǫj ≤ ǫi + E < ǫj+1)

+ pSDPr(ǫj ≤ ǫi + E′ − ǫL < ǫj+1)

= (1− pSD) [FE ((j − i+ 1)∆)− FE ((j − i)∆)]

+ pSD [FE′ ((j + 1− i+ L)∆)− FE′ ((j − i+ L)∆)]

; j = i, . . . , L′ − 1. (21)

Similarly, for j = L′:

pi,j = (1−pSD)Pr(ǫi + E ≥ ǫL′)+pSDPr(ǫi+E′ − ǫL ≥ ǫL′)

= (1 − pSD) [1− FE ((L′ − i)∆)]

+ pSD [1− FE′ ((L′ − i+ L)∆)] ; j = L′. (22)

Case 4: i = j = L′. This case is similar to case 3. Setting
i = L′ in (22) results in:

pL′,L′ = (1− pSD) + pSD [1− FE′ (L∆)] . (23)

From (16)-(23), it can be easily verified that
∑L′

j=0 pi,j = 1
for i = 0, . . . , L′. Finally, for a fine discretization (∆ ≪ 1),
probabilities of the formFE((δ+1)∆)−FE(δ∆) tend to the
value∆fE(δ∆). The same holds ifE is replaced byE′.

3) Steady-State Distribution and Outage Probability: From
the transition probabilities, we construct the(L′+1)×(L′+1)
state transition matrixP whose(j, i)-th element is equal to
pi,j . The steady-state distribution vectorπ can be determined
form P as follows [10]:

π = (P− I+B)
−1

b, (24)

whereI is the (L′ + 1) × (L′ + 1) identity matrix,B is the
(L′ + 1)× (L′ + 1) matrix whose elements are all equal to 1
andb stands for any column ofB. In (24),π = [π0, . . . , πL′ ]T

whereπi stands for the probability that the energy buffer is
in stateSi at steady-state.

The steady-state distributionπ is useful for evaluating the
outage probability in (9). In fact, the probability Pr(B < Pm

2 )

can be calculated as: Pr(B < Pm

2 ) =
∑L−1

i=0 πi.
Despite the high level of accuracy that can be achieved by

the discretization approach for a large number of states and
small discretization interval-size∆, the main limitation of this
method resides in the fact that it is very hard to evaluate the
steady-state distribution in (24) in closed-form. In fact,for
L′ ≫ 1, the state transition matrixP has a large number of
dimensions and the inversion of the matrixP − I + B does
not relate the steady-state probabilities{πi} to the transition
probabilities{pi,j} in a simple and intuitive manner. This is
especially true since (17), (18), (21), (22) and (23) show that
from each stateSi, the Markov chain can evolve to any other
subsequent stateSj (for j > i) with a non-zero probability.
Similarly, (16), (19) and (20) show that each stateSi is linked
to L previous statesSj (for j < i) whereL assumes large
values if the interval-size∆ is to be kept small (since∆ =
Pm

2L ).

D. Limiting Distribution of the Energy Buffer: Approximate
Discrete Approach

In order to overcome the aforementioned limitation related
to the excessively large number of possible transitions between
the states of the discrete Markov chain, we next resort to a
simplified approach that yields a tractable closed-form approx-
imate solution.

Observation1: It can be observed that the variance of the
optical harvested energy in (6) is very small. This follows
mainly from the presence of the logarithmic function and from
the fact thatI0 assumes very small values. This observation
will be further elaborated on in Section IV.

Following from observation 1, the performance analysis in
this section will be based on the assumption that the harvested
energy is almost constant and, hence, can be approximated
by the corresponding average value. Therefore, in (8), we
set E(Pm) ≈ E[E(Pm)] =

∫ +∞

0 xfE(x)dx where the pdf
fE(x) is given in (14). Similarly, we takeE(Pm/2) ≈
E[E(Pm/2)] =

∫ +∞

0 2xfE(2x)dx following from Appendix
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Fig. 3. The approximate discrete Markov chain based on observation 1.

A. Moreover, without any loss of generality, we select the
energy step-size∆ of the discrete Markov chain as follows:

∆ =
Pm/2

L
= E[E(Pm)]. (25)

Following from (25), the buffer evolution equation in (8)
results in the following transition probabilities that describe
the behaviour of the approximate discrete Markov chain:

pi,j =

{
1, j = i+ 1;
0, otherwise.

, i < L,

pi,j =







1− pSD, j = i+ 1;
pSD j = i− v;
0, otherwise.

, i ≥ L, (26)

wherev is the constant positive rounded integer given by:

v =
Pm/2− E[E(Pm/2)]

E[E(Pm)]
=

Pm/2− E[E(Pm/2)]

∆
. (27)

In fact, in (26), wheni < L (and, hence,ǫi < Pm

2 ), R is in
the EH mode and its stored energy will increase by E[E(Pm)].
Following from the normalization in (25), this increase results
in a definite transition (with probability 1) from stateSi to state
Si+1. On the other hand, wheni ≥ L, R enters the EH mode
when the S-D link is not in outage (with probability1− pSD)
which will also move the chain from stateSi to the subsequent
stateSi+1. For this range of values ofi, the outage of the S-D
link (with probabilitypSD) will make R enter the IR mode and,
hence, its stored energy will decrease byPm

2 − E[E(Pm/2)]
which will move the chain to stateSi−v wherev is defined in
(27). The corresponding approximate discrete-space Markov
chain is depicted in Fig. 3.

From (26) and Fig. 3, the steady-state balance equations can
be written as:

πi = 0 ; i = 0, . . . , L− v − 1 (28)

πi = πi−1 + pSDπi+v ; i = L− v, . . . , L (29)

πi = qSDπi−1 + pSDπi+v ; i > L, (30)

whereqSD , 1− pSD.
Proposition2: For sufficiently large values ofv, solving

equations (28), (29) and (30) results in the following values
of the steady-state probabilities{πi ; i ≥ L}:

πi =
1

v + 1
qi−L

SD ; i ≥ L, (31)

where, from (27), large values ofv arise when the harvested
energy is much smaller than the transmitted energy.

Proof: The proof is provided in Appendix B.

The probabilities in (31) are useful for evaluating the system
outage probability in closed-form. In fact, the probability that
the energy buffer contains a sufficient amount of energy for
data relaying can be determined from (31) as follows:

Pr(B ≥ Pm/2) =

+∞∑

i=L

πi =
q−L

SD

v + 1

+∞∑

i=L

qiSD =
1

pSD(v + 1)
.

(32)
Replacing (32) in (9) shows that the system outage proba-

bility can be evaluated as follows:

Pout = pSD − 1

v + 1
[1− pSR] [1− pRD] , (33)

where the parameterv captures the performance dependance
on the average amounts of transmitted and harvested energies
according to (27).

Equation (33) clearly highlights a reduction in the outage
probability compared to noncooperative point-to-point com-
munications (along the S-D link). Note thatv decreases as the
amount of harvested energy increases resulting in a decrease
in the value ofPout following from (33).

IV. N UMERICAL RESULTS

The simulation parameters are summarized in Table I.
In particular, we consider the cases of “clear air”, “haze”,
”moderate rain” and ”light fog” weather conditions that affect
the attenuation levels and turbulence-induced losses. Further
details on the simulation parameters can be found in [5],
[21], [26]. In all presented simulation scenarios, the distances
between the nodes are selected to satisfy the relationd2+d3 =
d1. Regarding the noise, considering a noise standard deviation
of 10−7 A and a transmission bandwidth of 1 GHz (which both
constitute typical values for FSO systems [26]), results ina
noise power spectral density of -140 dBm/MHz. Finally, we
assume the same pointing error conditions along all links.

Results in Fig. 4 show a perfect match between the exact
pdf and the approximate analytical expression provided in (14)
under different weather conditions for a link distance of 500
m with ωz/a = 10. Therefore, the approximation made in
Appendix A induces no loss in the accuracy. Results also
highlight on the small levels of harvested energy especially
under unfavourable weather conditions. Under “clear air” con-
ditions, the standard deviation of the harvested energy is equal
to 12.8 mJ. Under “haze” and “moderate rain” conditions, the
standard deviation drops to 5.5 mJ and 3.4 mJ, respectively.
Under “light fog” conditions, the standard deviation assumes
the smallest value of 1.1 mJ. The observed small values of the
standard deviation of the harvested energy support observation
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TABLE I
THE SIMULATION PARAMETERS

FSO parameters

Operating Wavelength (λ) 1550 nm
Receiver Responsivity (η) 0.5 A/W
Transmission Bandwidth 1 GHz

Peak Transmitted Power (Pm) 100 mW
Noise standard deviation (σ) 10

−7 A
Receiving Area (Sr) 0.05 m2

Beam Angle (θd) 10 mrad
Normalized pointing error

displacement standard deviation (σs/a) 3

EH parameters

Fill factor (f ) 0.75
Dark saturation current (I0) 10

−9 A
Thermal voltage (Vt) 25 mV

Weather-dependent parameters

Weather Condition Attenuation coefficient (σa) Refractive-index structure parameter (C2

n)
Clear air 0.43 dB/km 5× 10

−14 m−2/3

Haze 4.2 dB/km 1.7× 10
−14 m−2/3

Moderate Rain (12.5 mm/hr) 11 dB/km 5× 10
−15 m−2/3

Light Fog 20 dB/km 3× 10
−15 m−2/3
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Fig. 4. PDF of the harvested energy for a link distance of 500 mwith ωz/a =
10 under different weather conditions. The solid and dashed lines correspond
to the exact pdf and approximate pdf (provided in (14)), respectively.

1 and motivate the calculation methodology presented in
Section III-D. The standard deviation will further decrease as
the distance increases.

In Fig. 5, we investigate the energy buffer content under
“clear air” conditions for a threshold rate ofRth = 4 bits/s/Hz
with ωz/a = 25. In particular, we compare the exact pdf of
the energy buffer content with the analytical result derived in
(11)-(13) for the two cases(d2, d3) = (1.25, 0.75) km and
(d2, d3) = (1, 1) km. Results demonstrate the close match
between the exact and analytical results, thus, validatingthe
suggested exponential model of the energy buffer distribution
under gamma-gamma scintillation and pointing errors. As
highlighted in (11), the limit between the increasing and de-
creasing regions of the pdf occurs atPm

2 =50 mW. Comparing
the two considered cases shows that the energy buffer content
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Fig. 5. Limiting pdf of the energy buffer content under “clear air” conditions
for Rth = 4 bits/s/Hz withωz/a = 25. Theanalytical expression of the pdf
is provided in (11).

will tend to smaller stored energy levels in case 1 since the S-R
link is longer resulting in smaller amounts of harvested energy.
This is validated by the decrease of the value of the parameter
b from 0.144 mW−1 in case 1 to0.085 mW−1 in case 2 in
coherence with (13). Finally, it is worth highlighting thatthe
limiting distribution exists in both cases since the left-hand-
side and right-hand-side of the inequality in (10) are equalto
(2.3, 21.6) mW and (3.9, 21.6) mW for case 1 and case 2,
respectively.

Fig. 6 shows the outage performance as a function of the
target threshold rateRth under “moderate rain” conditions for
ωz/a = 10 considering the two scenarios(d2, d3) = (0.3, 0.7)
km and(d2, d3) = (0.35, 0.65) km. As a benchmark, we also
show the performance of the 1-km direct S-D communications
with no cooperation and that of the cooperative network with
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Fig. 6. Outage performance under “moderate rain” conditions for ωz/a =
10. Scenario-1 corresponds to(d2, d3) = (0.3, 0.7) km while scenario-2
corresponds to(d2, d3) = (0.35, 0.65) km. The theoretical results are based
on (9) and (15).

a self-powered relay that is connected to a power supply.
Results show the perfect match between the simulation results
and the theoretical results obtained from (9) where the energy
outage probability Pr(B < Pm/2) was derived according to
(15) based on the continuous approach. Results show that the
considered relaying scheme with an EH relay outperforms
noncooperative systems for all values ofRth. For example,
at a rate of 2 bits/s/Hz, the cooperative solution through an
EH relay reduces the outage probability from3 × 10−1 to
2× 10−3 in scenario-1. Moreover, for relatively small values
of Rth, the outage probability with an EH relay approaches
the outage probability with a self-powered relay. In fact, when
Rth is small,pSD is small as well implying that R can harvest
a sufficient amount of energy since R is in the pure EH mode
with probability1− pSD. For scenario-1, results show that the
inequality in (10) does not hold forRth ≤ 2.5. Consequently,
in this case, the performance is the same with an EH relay
or self-powered relay since the stored energy will exceedPm

2
with a probability tending to 1 as highlighted in Section III-B.
For Rth > 2.5, using only the energy harvested from S for
relaying the information to D will incur a performance loss
compared to the case where R is connected to a power supply.
For scenario-2, results show that the inequality in (10) holds
for all values ofRth exceeding 2. In this case, the higher losses
along the longer S-R link result in lower levels of harvested
energy thus avoiding the saturation of the energy buffer at R.

Fig. 7 highlights the impact of the relay position on the
outage performance under “haze” conditions ford1 = 1.6
km, Rth ∈ {1, 2, 3} bits/s/Hz andωz/a = 25. For a self-
powered relay, placing the relay at the center between S
and D (i.e. d2 = d3 = 0.8 km) minimizesPout. On the
other hand, for an EH relay, moving R closer to S results
in two contradictory effects. On one hand, this will boost the
energy harvesting at R thus reducing the probability of energy
outage (the term Pr(B < Pm/2) in (9)) while the discrepancy
between the values ofd2 and d3 will increase the term
pSR + pRD − pSRpRD ≈ max{pSR, pRD} in (9). Consequently,
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Fig. 7. Impact of the relay position on the performance under“haze”
conditions ford1 = 1.6 km andωz/a = 25. The solid and dashed lines
correspond to EH relay and self-powered (SP) relay, respectively.

a tradeoff must be made on the value ofd2. As shown in
Fig. 7, the optimal relay position shifts more towards S as
Rth increases since, in this case,pSD increases and R is in
the IR mode more often thus draining the energy buffer at a
faster pace. In order to compensate for this effect, R needs
to be placed closer to S to increase the amount of harvested
energy. For example, forRth = 1 bits/s/Hz,Pout is minimized
for d1 = 0.7 km while this value decreases to 0.5 km for
Rth = 2 bits/s/Hz.

Fig. 8 compares the different approaches for studying the
buffer dynamics under “clear air” conditions for the two
casesd2 = d3 = 1 km and d2 = d3 = 1.2 km with
ωz/a → ∞ (i.e. negligible pointing errors). In particular,
we compare the continuous approach, exact discrete approach
and approximate discrete approach presented in sections III-B,
III-C and III-D, respectively. For the latter approach, we
approximate the transition probabilities in (16)-(23) by the
approximate values in (26) while using the expression in
(24) for deriving the steady-state distribution. According to
observation 1, the approximate discrete approach is expected
to yield accurate results in the two simulation setups sincethe
standard deviation of the harvested energy is equal to5.3 mW
and3.8 mW in case 1 and case 2, respectively. In addition to
the above three approaches, in Fig. 8 we also plot the closed-
form expression provided in (33). The parameterv in (27)
assumes the values ofv = 8 and v = 13 for case 1 and
case 2, respectively, where these values are large enough for
proposition 2 to hold. Therefore, (33) is also expected to yield
accurate results. Finally, for the discrete Markov chain, we fix
the total number of states toL′ = 5000 for both the exact
and approximate approaches. Results in Fig. 8 show that the
Markov state space discretization yields satisfactory results
whose accuracy enhances asRth increases. Moreover, the
gap between the exact and approximate discrete approaches
is negligible thus supporting the calculation methodology
presented in Section III-D. Finally, results demonstrate the
importance of the simple and closed-form expression in (33)
for predicting the system performance through the parameter v
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Fig. 8. The different calculation methodologies under “clear air” conditions
for ωz/a → ∞. The solid and dashed lines correspond to the casesd2 =
d3 = 1 km andd2 = d3 = 1.2 km, respectively. Theclosed-form expression
corresponds to (33).

that depends on the transmitted energy as well as the average
values of the harvested energy. In this context, it is worth
noting that the exact and approximate discrete approaches
yield accurate results whether (10) holds or not while (33)
holds for stable energy buffers.

While the peak powerPm was fixed to 100 mW in all
previous figures, Fig. 9 highlights on the impact ofPm on
the outage performance under “light fog” conditions ford2 =
0.4 km and d3 = 0.3 km with ωz/a = 10. Results show
a rapid decrease in the outage probability asPm increases
especially for small values ofRth. As in Fig. 8, results in Fig.
9 highlight on the accuracy of the closed-form expression in
(33) in predicting the system performance.

V. CONCLUSION

We proposed a novel relaying scheme for DF HSU FSO
cooperative communications with a single relay. An ana-
lytical framework was presented for evaluating the system
performance in both an exact manner as well as in a simple
approximate closed-form manner. Results show that when
sufficient amounts of energy are harvested, the considered
scheme achieves the same outage probability as with self-
powered relays. For smaller amounts of harvested energy, the
proposed scheme always shows an improvement compared to
point-to-point noncooperative communications. The impacts
of the weather conditions, link distances and transmit power
were delineated and conclusions were made pertaining to the
optimal placement of the EH-relay.

APPENDIX A

The cdf and pdf of the random variableX will be denoted
by FX(·) and fX(·), respectively. We first start by deriving
the pdf of the harvested energy in (6). Equations (6)-(7) can
be written asE = µh ln

(
1 + h

ν

)
where the constantsµ andν

are defined in proposition 1 whileh = h2 for simplicity. The
dark saturation currentI0 in (6) is typically very small (in
the order of nA) [5] implying thatE can be approximated by
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Fig. 9. Impact of the transmit peak power on the performance under “light
fog” conditions ford2 = 0.4 km andd3 = 0.3 km with ωz/a = 10. The
closed-form expression (CF) corresponds to (33).

E = µh ln
(
h
ν

)
without any loss of accuracy. Leth′ = ln

(
h
ν

)
,

then E = µνh′eh
′

. Consequently,FE(x) = Pr(E ≤ x) =

Pr
(

h′eh
′ ≤ x

µν

)

= Pr
(

h′ ≤ W
(

x
µν

))

since the Lambert W-

functionW (x) is the inverse function ofxex. Consequently,

FE(x) = Fh′

(

W
(

x
µν

))

. Differentiating both sides of this
equation while invoking the differentiation property of the
Lambert W-function results in:

fE(x) =
W
(

x
µν

)

[

W
(

x
µν

)

+ 1
]

x
fh′

(

W

(
x

µν

))

. (34)

On the other hand,Fh′(x) = Pr(h′ ≤ x) = Pr(h ≤ νex) =
Fh(νe

x). Differentiating both sides of this equation results in:

fh′(x) = νexfh(νe
x), (35)

wherefh(·) stands for the pdf of the random variableh given
in (3) with i = 1. Finally, substituting (35) in (34) results in the
pdf provided in (14) following from the relationW (x)eW (x) =
x.

SettingB(i+1) = X andB(i) = U , then (8) can be written
as:

X =

{
U + E′ −M, S-D link in outage & U ≥ M ;
U + E, otherwise.

,

(36)
whereM , Pm/2, E , E(Pm) and E′ , E(Pm/2) for
simplicity. From (6)-(7), it can be observed thatE′ can be
obtained fromE by replacing the scintillation coefficienth
by h/2 (while keeping the same value ofPm). Consequently,
FE′(x) = FE(2x) andfE′(x) = 2fE(2x).

From (36), the cdf ofX can be obtained as:

Pr(X≤x) = Pr(U + E′−M ≤ x, U ≥ M,SD in outage)
︸ ︷︷ ︸

=P1

+ Pr(U + E ≤ x, U < M)
︸ ︷︷ ︸

P2

+ Pr(U + E ≤ x, U ≥ M,SD not in outage)
︸ ︷︷ ︸

P3

. (37)
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The pdf and cdf ofU will be denoted byg(u) andG(u),
respectively, with:

(g(u), G(u)) =

{
(g1(u), G1(u)) , 0 ≤ u < M ;
(g2(u), G2(u)) , u ≥ M .

. (38)

Through direct calculations,P1 can be determined from:

P1 = pSD

∫ M+x

M

FE′(x− u+M)g2(u)du

= pSD

∫ M+x

M

FE(2x− u+M)g2(u)du, (39)

where, from (38), the pdf ofU was replaced byg2(u) since
U ≥ M . Similarly:

P2 =

∫ min{x,M}

0

FE(x − u)g1(u)du, (40)

where, from (38), the pdf ofU was replaced byg1(u) since
U < M . Finally:

P3 =

{
0, x < M ;
(1− pSD)

∫ x

M
FE(x − u)g2(u)du, x ≥ M .

.

(41)
When the energy buffer reaches its steady-state,fX(·) =

fU (·) → g(·) andFX(·) = FU (·) → G(·) which corresponds
to the limiting distribution. Therefore, at steady-state,consid-
ering the casesx < M and x ≥ M separately, (37) can be
written as:

G1(x) =

∫ x

0

FE(x− u)g1(u)du

+ pSD

∫ M+x

M

FE(2x− u+M)g2(u)du, (42)

G2(x) =

∫ M

0

FE(x− u)g1(u)du

+ (1− pSD)

∫ x

M

FE(x− u)g2(u)du

+ pSD

∫ M+x

M

FE(2x− u+M)g2(u)du. (43)

Differentiating (42) and (43) with respect tox results in:

g1(x) =

∫ x

0

fE(x− u)g1(u)du

+ 2pSD

∫ M+x

M

fE(2x− u+M)g2(u)du, (44)

g2(x) =

∫ M

0

fE(x− u)g1(u)du

+ (1− pSD)

∫ x

M

fE(x− u)g2(u)du

+ 2pSD

∫ M+x

M

fE(2x− u+M)g2(u)du, (45)

where the pdffE(x) of the harvested energy is given in (14).
Subtracting (44) from (45):

g2(x) − g1(x) =

∫ M

x

fE(x− u) [g1(u)− p̄SDg2(u)] du

= −
∫ x−M

0

fE(t) [g1(x− t)− p̄SDg2(x− t)] dt,

(46)

wherep̄SD , 1− pSD. By numerically observing the exponen-
tial charging and discharging of the energy buffer, we postulate
a solution for (46) under the formg1(x) = a[1− e−bx] (expo-
nential charging) andg2(x) = ce−bx (exponential discharging)
as highlighted in (11). We then prove that the suggested
solution satisfies all buffer dynamics equations and, hence,
constitutes the valid steady-state distribution we are seeking.
Replacingg1(x) andg2(x) in (46) results in:

− a+ (a+ c)e−bx =

− a

∫ x−M

0

fE(t)dt+ (a+ p̄SDc) e
−bx

∫ x−M

0

fE(t)e
btdt. (47)

Equation (47) holds for all values ofx. In particular, for suf-
ficiently large values ofx,

∫ x−M

0 fE(t)dt →
∫ +∞

0 fE(t)dt =
1 sincefE(t) is a pdf. Consequently, for large values ofx,
(47) implies that:

(a+ c)e−bx = (a+ p̄SDc) e
−bx

∫ +∞

0

fE(t)e
btdt, (48)

implying that:

a+ c

a+ p̄SDc
=

∫ +∞

0

fE(t)e
btdt. (49)

The two remaining equations needed to solve fora, b and
c follow from the following conditions. (i):g(x) is a pdf im-
plying that

∫ +∞

0
g(x)dx =

∫M

0
g1(x)dx+

∫ +∞

M
g2(x)dx = 1.

(ii): The continuity of the pdf at the pointx = M results in
g1(M) = g2(M). After simplification, the obtained equations
result in:

a

[

M − 1

b

]

+
a+ c

b
e−bM = 1, (50)

e−bM =
a

a+ c
. (51)

Replacinga+ c by aebM in (50) results ina = 1
M = 2

Pm

as provided in (12). Replacing this value ofa in (51) results
in c = a

[
ebM − 1

]
as provided in (12). Finally, replacinga

andc by their values in (49) results in (13).

APPENDIX B

We first consider the firstv equations in (29) fori =
L− v, . . . , L− 1. Replacing the value ofπi in the (i+ 1)-th
equation shows that thesev equations can be written under
the following more convenient form:

πL−(v−j) = pSD

j
∑

k=0

πL+k ; j = 0, . . . , v − 1. (52)

Next, we consider the(v+1)-th equation in (29) (fori = L)
that can be written as:πL = πL−1 + pSDπL+v. Replacing the
value ofπL−1 from (52) (for j = v − 1) in the last equation
results in:

πL = pSD

v−1∑

k=0

πL+k + pSDπL+v = pSD

v∑

k=0

πL+k. (53)

Solving (53) forπL results in:

πL =
pSD

qSD
[πL+1 + · · ·+ πL+v] . (54)
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The recursive replacement of (54) in (30) shows that the
last set of equations results in:

πi =
pSD

qSD

v∑

j=1

πi+j ; i ≥ L. (55)

We suggest a solution for (55) under the form:

πi = αqiSD ; i ≥ L, (56)

and next we prove that this solution holds ifv is large enough.
In (56), α denotes a proportionality constant. Replacing (56)
in (55):

αqiSD = α
pSD

qSD
qiSD

v∑

j=1

qjSD = αpSDq
i
SD

v−1∑

j=0

qjSD. (57)

The summation in (57) corresponds to a geometric series
that can be solved as

∑v−1
j=0 q

j
SD =

1−qvSD
1−qSD

that tends to 1
1−qSD

=
1
pSD

if v ≫ 1 so thatqvSD → 0 sinceqSD < 1. Replacing the
last summation by 1

pSD
in (57) results inαqiSD = αqiSD which

is true. Consequently, the proposed solution in (56) is correct
for v ≫ 1.

Finally, the value of the constantα in (56) can be obtained
by solving the equation

∑+∞
i=0 πi = 1. This equation can be

written as:
L−v−1∑

i=0

πi

︸ ︷︷ ︸

,S1

+
L−1∑

i=L−v

πi

︸ ︷︷ ︸

,S2

+
+∞∑

i=L

πi

︸ ︷︷ ︸

,S3

= 1. (58)

Form (28),S1 = 0. From (56), S3

α =
∑+∞

i=L qiSD =
qLSD
pSD

through direct calculations. From (52):

S2 = pSD

v−1∑

j=0

j
∑

k=0

πL+k

= pSD [vπL + (v − 1)πL+1 + · · ·+ πL+v−1]

= pSD

v−1∑

i=0

(v − i)πL+i = αpSDq
L
SD

v−1∑

i=0

(v − i)qiSD, (59)

where the second equality in (59) follows from (56). The last
summation in (59) can be solved through direct calculations
resulting inS2 = αpSDq

L
SD

[
v
pSD

− qSD

p2
SD

]

. Replacing the values
of S1, S2 andS3 in (58) and solving forα results in:α =

1
qLSD(v+1)

. Finally, replacingα by its value in (56) results in
the solution given in (31).
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